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Abstract

Plasma Jet Driven Magnetoinertial Fusion (PJMIF) requires high velocity heavy

ion drivers in order to compress a magnetized target to fusion conditions. Previous

work with heavy ion drivers has revealed sub-par accelerations due to plasma instabil-

ities; thus, it is necessary to investigate new methods of heavy ion plasma acceleration.

One such method is Magnetoplasmadynamic (MPD) thrusters. Past studies of these

thrusters have been conducted at an initial temperature at or below the energy of full

ionization. Here MPD thrusters are investigated using a Godunov type MHD solver

with an Harten-Lax van Leer-D (HLLD) flux solving scheme. In these investigations,

the initial pressure is fixed at 104Pa, much higher than in previous studies. It is

found that velocities of 42km/s are possible with an applied current of 1kA and a

plasma number density (number of plasma particles, electrons and ions, per cubic

meter) of 2× 1020m−3. However, this velocity decreases with increasing current over

the first few microseconds of plasma injection due to the plasma being accelerated

out of the chamber before the full effects of hydrodynamic expansion and acceleration

can be experienced. Additionally, for MPD thrusters operating with currents ranging

from 1kA to 4kA, a number density of 2 × 1022m−3 is found to be the maximum

operational plasma density for low powered MPD thrusters. At higher densities the

plasma resistivity is too high and the plasma becomes trapped in the MPD channel,

resulting in the plasma not escaping the MPD.
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One Dimensional Study of Magnetoplasmadynamic Thrusters for a

Potential New Class of Heavy Ion Drivers for Plasma Jet Driven

Magnetoinertial Fusion

I. Introduction

1.1 Problem Background

Since the beginning of fusion energy research, there have been two dominant ap-

proaches to achieving sustained fusion reactions. First, magnetic confinement utilizes

high powered electromagnets to create intense magnetic fields to contain and com-

press plasma to fusion energies [11]. Second, inertially confined fusion (ICF) utilizes

high intensity lasers to ionize and compress targets to fusion conditions [11]. Both of

these methods have been the subject of a great deal of research and many advances

have been made in these approaches; but, there are still numerous problems that have

yet to be solved or overcome. A third approach to plasma containment and sustained

fusion reactions has recently been developed, plasma jet driven magnetoinertial fusion

(PJMIF) [12]. The PJMIF process is attractive since it sits at the minimum of the

cost v.s. plasma density curve; additionally the propossed sizes of PJMIF reactors

are on the scale of an adult human, much smaller than other proposed schemes. A

comparison of the cost vs plasma density for magnetic confinement, ICF, and PJMIF

is shown in Figure 1, as well as an example of the proposed size of a basic PJMIF

reactor.
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Figure 1: Right: Comparison of the cost vs plasma density for magnetic confinement,

ICF, and PJMIF. Left: Example of the proposed size of a basic PJMIF reactor.

Reproduced with permission from [1].

PJMIF works by using a combination of effects from both magnetic confinement

and ICF. It first establishes a magnetized target of fusion fuel at the center of the

device. This target usually consists of an ionized mixture of deterium-tritium plasma.

Next, energetic pulses of heavy ion plasma are propelled toward the magnetized target

from a series of heavy ion drivers placed on the outer surface of the reactor [13]. Once

these fast moving pulses of heavy ions collide with the magnetized target at the center

of the reactor, they form a spherical liner at the edge of the target surface [14]. This

liner then forms a similarly spherical surface which moves inward at a high velocity

and compresses the magnetized target to fusion conditions [14], as shown in Figure

2. PJMIF processes are currently under experimental investigation with the Plasma

Liner Experiment (PLX) at the Los Alamos National Laboratory [12].
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Figure 2: PJMIF design concept. Reproduced with permission from [2].

The main areas of PJMIF research currently under investigation are plasma drivers,

magnetized plasma targets, and plasma compression. For the plasma driver research,

Table 1 shows the required jet parameters for both the PLX experiment and fusion

reactors [12]. It also shows the parameters that have been achieved by railgun and

coaxial plasma accelerators [15].

Table 1: Summary of Plasma Jet Requirements for PJMIF.

Jet Parameter Railgun Achieved Coaxial Achieved PLX Fusion

Density (cm−3) 1017 1015 1017 1018

Velocity (km/s) >40 90 50 50-100

Liner Species Ar C2H4 Ar, Xe Xe

There are three main types of plasma drivers currently under investigation; de-
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flagration type accelerators, snow plow type accelerators, and slab type accelerators.

A deflagration type accelerator is a type of plasma driver whereby a high voltage

is applied between electrodes causing an arc to form in the plasma accelerating it

forward by the Lorentz force [2]. The basic layout of a deflagration type driver is

shown in Figure 3.

Figure 3: Basic layout of a deflagration type plasma accelerator. R represents a

resistor, L for an inductor, and C for a capacitor.

The snow plow type accelerator uses a gun that is pre-filled with ionized gas.

Electrons are then accelerated by the Lorentz force, which drags the electrons in the

plasma by ambipolar diffusion. The dragged electrons then pull the ions in the plasma

by the Lorentz force causing the plasma to be accelerated [2]. The layout of a snow

plow type plasma accelerator is shown in Figure 4.
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Figure 4: Basic layout of a snow plow type plasma accelerator. R represents a resistor,

L for an inductor, and C for a capacitor.

The slab, or coaxial, driver method uses a fast gas injection to form an initial gas

slab which is pre-ionized, forming a compact, dense, and highly collisional plasma

[16]. This type of plasma accelerator is the most common accelerator design used in

heavy ion driver research [17]. The layout of a coaxial plasma accelerator is shown in

Figure 5.
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Figure 5: Basic layout of a coaxial plasma accelerator. Reproduced with permission

from [3].

Of these three methods, the slab method is the only one that has exhibited the

capability of achieving the accelerations necessary for sustained fusion reactions; how-

ever, the plasmas that have been accelerated by the slab method are still lacking the

necessary number densities for a PJMIF heavy ion driver [16]. This method is sub-

ject to the blow-by effect, which causes the back surface of the beam to accelerate

much faster than the beam front, causing the plasma’s rear surface to overtake the

beam front. This results in extreme beam dispersion effects [16]. The deflagration

method has shown the capability of accelerating a very dense plasma, but the achieved

velocities are too low for PJMIF purposes.

As a result, a new class of heavy ion plasma drivers is being considered. Specif-

ically, a class based on the same type of acceleration mechanisms used in Hall-type
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electromagnetic thrusters. The most powerful of these type of thrusters are the Mag-

netoplasmadynamic (MPD) thrusters [18]. The MPD thrusters use the
−→
j ×
−→
B Lorentz

force to accelerate the plasma. This is produced by the application of a current density

between the central cathode and outer anode surface shown in Figure 6.

Figure 6: Typical layout of an MPD thruster. Reproduced with permission from [4].

Typically non-ionized or only slightly ionized gas is injected into the MPD thruster

[19]. The effects of ionization are beyond the scope of this thesis, therefore it will be

assumed that the plasma enters the thruster fully ionized [20]. A detailed analysis

of MPD thrusters is provided in Chapter 2. The research efforts of this thesis are

devoted to analyzing the possibility of using low powered MPD thrusters as a new

method for accelerating heavy ion plasmas for PJMIF heavy ion drivers.

1.2 Research Objectives

The objective of this thesis is to provide 1D studies of low powered MPD thrusters.

Specifically, this research will examine the effects of the applied current density within
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the MPD thruster on the final axial velocity of the plasma and the expansion of the

plasma density within the MPD chamber. This thesis will also analyze the effects of an

applied solenoidal magnetic field within the MPD thruster on the axial and azimuthal

components of the velocity; specifically, the generation of swirling motion within the

plasma. Finally, this thesis will study the effects that the plasma number density has

on the plasma motion and final plasma velocity. Specifically, the number density at

which the plasma acceleration is minimized and the plasma becomes trapped in the

MPD chamber. From these studies, conclusions will be drawn on the possibility of

using low powered MPD thrusters as heavy ion drivers for PJMIF experiments and

controlled fusion schemes.
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II. Theory

2.1 Literature Review

MPD thrusters operate by the principle of electromagnetic acceleration, defined as

the acceleration of a body of ionized gas by the interaction of a current driven through

the ionized gas with magnetic fields established by these currents and, possibly, by

external magnetic coils [5]. When compared to electrostatic acceleration mechanisms,

electromagnetic acceleration is more technologically complex, thus the development

of electromagnetic accelerators still requires a great deal of study. The simplest form

of electromagnetic acceleration is shown in Figure 7 [5]. Here the gas has a 1D flow

velocity of −→u , scalar conductivity σ, and a current density of
−→
j = σ(

−→
E +−→u ×

−→
B ).

This establishes a force density of
−→
f =

−→
j ×
−→
B imparted onto the plasma.

Figure 7: Basic concept of electromagnetic acceleration. Reproduced with permission

from [5].

The acceleration mechanisms can also be understood from the particle point of

view where the current carrying electrons attempt to follow the applied electric field,

which are then turned in the stream direction by the applied magnetic field [21]. The

electrons then impart momentum onto the plasma ions through collisions or micro-

scopic polarization fields. Table 2 shows the terminal performance characteristics for
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early MPD thruster development [5]. From Table 2, we know that at low current

levels between 1500A and 2500A, high specific impulses and thrusts are possible with

heavy ion gases such as ammonia and argon.

Table 2: Terminal performance characteristics for early MPD thruster development.

Terminal Performance Characteristics

Propellant Hydrogen Argon

Current (A) 1500 2500 1500 2100

Mass Flow Rate

(g/s)

0.05 0.02 0.05 0.032 0.032

Voltage 71 68 78 25 30

Thrust (N) 1.21 0.98 2.22 0.54 0.68

Specific Impulse

(s)

2460 5000 4520 1720 2160

Efficiency (%) 13.7 23.6 25.4 12.1 11.5

The most useful method for analyzing the physical processes and the effect they

have in the motion of the plasma is magnetogasdynamics (magnetohydrodynamics)

[21]. In this method, the ionized gas is treated as a continuum fluid whose properties

may be described by a set of bulk parameters and whose dynamical behavior may be

described by a set of conservation laws [21]. In the continuum representation, several

components of magnetogasdynamic interactions can be proposed. First, a stream

wise (axial) acceleration is generated by the crossing of the radial arc current and

the self generated azimuthal magnetic field. This is refered to as the electromagnetic

”blowing” force [5]. Second, there may be an electromagnetic ”pumping” force caused

by the interaction of the axial components of the arc current and the azimuthal

magnetic field. This establishes a radial gradient in the gas dynamic pressure giving
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rise to a reaction force on the cathode surface [5]. Third, if a solenoidal magnetic

field is applied in the axial direction swirling motion may be generated by the jrBz

or jzBr interactions [5]. A schematic of these affects is shown in Figure 8 [5].

Figure 8: Schematic of MPD acceleration forces. Reproduced with permission from

[5].

Many studies have been conducted on MPD thrusters without an applied magnetic

field [22]. These studies have revealed that MPD thrusters are capable of achieving

plasma velocities of several kilometers per second. Reference [23] shows the results

of one such study. In this 2D study, as in almost all of the other studies reviewed

for this research, the plasma was composed of argon gas and initially kept at a fixed

temperature of 1eV . This corresponds to the minimum temperature capable of main-

taining full ionization when injected into the MPD thruster. This study also used an

advanced equation of state that incorporated the effects of viscosity and drag through

the use of the viscous stress tensor. It also used the Spitzer-Harm resistivity as later
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described in Section 2.4. The length of the thruster was kept at 26.5cm and the

plasma was injected at a rate of 6g/s [23]. It was found that the plasma obtained a

velocity of 3.4km/s over a time of 12ms. This shows that MPD thrusters can achieve

high velocities and accelerations over a very short period of time; and therefore could

potentially be of use in heavy ion plasma drivers.

The generation of swirling motion in the plasma has also been extensively studied

[24]. To understand the effect of the swirling motion on the thrust of an MPD thruster,

we must first review the invariance of the magnetic moment defined as [11]:

µ =
1

2
mv2⊥/B, (1)

where v⊥ is the velocity perpendicular to the magnetic field and B is the magnitude of

the magnetic field. This quantity is called the first adiabatic invariant and is constant

(invariant) along the magnetic field lines. From this invariance we can see the effect

of the swirling motion and diverging magnetic field lines. Setting two points along

the plasma flow, point 1 at the exit of the MPD thruster channel and point 2 within

the diverging magnetic field lines, we can set the magnetic moment at both points

equal to each other as in equation (2).

v2⊥1
B1

=
v2⊥2
B2

(2)

From equation (2) it is clear that a lower B2 value results in a lower v⊥2 [11]. This de-

crease in perpendicular motion transfers energy into axial motion causing an increase

in the axial velocity.

For low-powered MPD geometries, [6] presents several studies of the generation

of swirling motion and the effect on thruster performance. The results of one of

these studies is presented in Figure 9. This study was conducted for the Meyers

12
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100kW MPD thruster. The discharge current applied to the MPD was 1000A with

a propellant of argon plasma. The injection rate of the plasma was 0.1g/s and the

range of applied magnetic fields studied was 20mT − 150mT . The geometries of the

thrusters used are shown in Table 3.

Table 3: Geometries of Meyers 100kW MPD thrusters.

Geometry ra (cm) La (cm) rc (cm) Lc (cm)

A 2.5 7.6 0.64 7.65

B 3.81 7.6 0.64 7.65

C 5.1 7.6 0.64 10.15

D 5.1 15.2 0.64 10.15

E 5.1 7.6 1.27 10.15

F 5.1 15.2 1.27 10.15

G 3.81 7.6 0.64 7.65

H 2.5-5.1 7.6 0.64 10.15
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Figure 9: Specific impulse achieved by Meyers 100kW MPD thursters. Reproduced

with permission from [6].

The above studies have proven that an MPD thruster is capable of accelerating

a heavy ion gas with velocities on the order of several kilometers per second and are

capable of achieving high specific impulse and thrust to the plasma jet. In sections

2.2 and 2.3, a basic theoretical background of the MPD thrusters used in these studies

is presented, as well as the development of the magnetogasdynamic equations.

2.2 Magnetoplasmadynamic Thrusters

As stated in the Introduction, the most powerful class of Hall-type thrusters are

MPD thrusters. The typical layout of an MPD thruster is shown in Figure 10.
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Figure 10: Typical MPD thruster layout. Reproduced with permission from [7].

The MPD thruster functions similar to that of a coaxial plasma accelerator (slab),

but is not subject to the same blow-by effects [25]. The MPD thruster is composed

of a cathode placed at the center of the thruster axis and an anode that forms the

outer wall of the thruster. Electrons flow from the cathode to the anode, forming a

current density that flows back from the anode to the cathode. This forms the
−→
j ×
−→
B

Lorentz force. This type of configuration with no externally applied magnetic field is

called a self field MPD Thruster. Initially, I will analyze only this configuration. An

applied field MPD is analyzed later in this thesis. The propellant used in these types

of thrusters is typically a low mass plasma such as hydrogen; but numerous tests

have been run using higher mass plasma, such as argon [25], and have shown great

promise. In real world MPD thrusters, the plasma is injected into the MPD thruster

non-ionized and the current density between the anode and cathode serves to both

accelerate and ionize the plasma. Modelling this type of interaction is complicated and

requires simultaneously solving the Saha equation or some other more complicated

equation of state [5]; it is for this reason that in many simplified studies, including

this thesis, the plasma is assumed to enter the chamber fully ionized [5].
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2.2.1 Cylindrical Cathode MPD

In order to understand how an MPD thruster operates, it is necessary to first

analyze the most simplified models first. The simplest MPD geometry to analyze is

the cylindrical cathode MPD. This is shown in Figure 11.

Figure 11: Cylindrical cathode MPD thruster. Reproduced with permission from [8].

From this figure the only integrating surface for Ampere’s law is the cylinder

surface surrounding the cathode. By applying this law, the magnetic field is given

by equation (3) in cylindrical coordinates (r,θ,z); where J = 2πrz0jr is the total arc

current and z0 is the length of the cathode. This magnetic field is in the −θ̂ direction.

Bθ =
µ0J

2πr
(1− z

z0
) (3)

From this magnetic field the expression for the force experienced by the plasma,

the thrust, is given by equation (4), where ra is the radius of the anode and rc is the

radius of the cathode.

F =
µJ2

4π
(ln

ra
rc

) (4)
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2.2.2 Hybrid MPD

Now that the basic model of the MPD thruster has been established with the

cylindrical model, let us take a look at a realistic model of an MPD thruster.

Figure 12: Integrating surfaces for the MPD thruster. Reproduced with permission

from [6].

The layout of the hybrid MPD geometry is shown in Figure 12. The conical

cathode has an initial radius of rc and the conical surface follows the equation rc ∗

(1 − z
z0

) where z0 is the length of the cathode. Now consider the typical situation

of having a uniform current along the cathode surface where J is the total current.

From Gauss’s law the magnetic field of the MPD thruster is shown by equation (5)

in cylindrical coordinates (r,θ,z), where the direction of the magnetic field is −θ̂.

Bθ =


µ0J
2πr2c

r r < rc

µ0J
2πr

r > rc

 (5)

From this magnetic field the expression for the force experienced by the plasma, the

thrust, is given in equation (6) where ra is the radius of the anode and rc is the radius

of the cathode.
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F =
µJ2

4π
(ln

ra
rc

+
3

4
) (6)

2.2.3 Applied Magnetic Field MPD Thruster

There are numerous effects that an applied magnetic field can have on the plasma

within the MPD chamber; but the main effect I will discuss here is the production of

swirling motion within the plasma.

To analyze the swirling motion caused by the applied field, the magnetic stress

tensor will be used. The force density from the electromagnetic fields onto the plasma

is expressed in equation (7).

−→
f =

−→
j ×
−→
B =

1

µ0

(∇×
−→
B )×

−→
B (7)

The total force exerted onto the plasma is given in equation (8).

−→
F =

∫
V

−→
f =

∫
V

−→
j ×
−→
B (8)

Now we can introduce the magnetic stress tensor in equation (9).

1

µ0

(∇×
−→
B )×

−→
B = ∇ •B− 1

µ0

−→
B (∇ •

−→
B ) (9)

Where B is the magnetic stress tensor. Note, ∇•
−→
B = 0. The magnetic stress tensor

in cylindrical coordinates is given in equation (10).
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1

µ0



B2
r − B2

2
BrBθ
r

BrBz

BθBr
r

B2
θ

r2
− B2

2r2
BθBz
r

BzBr
BθBz
r

B2
z − B2

2


(10)

In order to produce only swirling motion, the applied magnetic field inside the thrust

chamber must be in the z direction. Here, the applied magnetic field inside the thrust

chamber will be a constant solenoidal field. This magnetic stress tensor is then given

in equation (11).

1

µ0



−B2

2
0 0

0
B2
θ

r2
− B2

2r2
BθBz
r

0 BθBz
r

B2
z − B2

2


(11)

The swirling motion results from the force applied to the plasma in the azimuthal (θ̂)

direction. From Figure 4, noting that the magnetic field on the Sa surface is zero,

the only contribution to the azimuthal force comes from B • n̂c. The azimuthal force

component is then given in equation (12).

Fθ =

∫
Sc

BθBz

µ0r
dS (12)

Using the magnetic field for the hybrid self-field MPD as Bθ and taking Bz to be

constant, the total azimuthal force is calculated in equation (13).

Fθ = BzJ(ln
ra
rc

+
1

2
) (13)
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By unit analysis, this is a force per unit length; therefore, it results in angular accel-

eration. For simplicity we assume the plasma rotates as a rigid body. Therefore, the

torque generated by the rotation is given in equation (14), where m is the mass of

the plasma column with a mass flow rate of ṁ = m
τ

.

M = Fθr̃
2 = I

ω

τ
= mr̃2

ω

τ
(14)

The moment of inertia, I, is defined in equation (15).

I =

∫ ra

0

ρr22πrdr = mr̃2 (15)

Therefore, the angular velocity of the plasma column can be computed in equation

(16).

ω =
Fθ
ṁ

=
BzJ

ṁ
(ln

ra
rc

+
1

2
) (16)

Equation (16) shows that the greater the applied magnetic field, the greater the

resulting angular plasma velocity.

2.2.4 Conductivity

To understand conductivity in a plasma [26], it is necessary to look at the basic

effects of the Lorentz force. We start with the Lorentz force in the laboratory frame

of motion given in equation (17).

−→
F = q(

−→
E +−→v ×

−→
B ) (17)

When transitioning to a co-moving frame with non-relativistic velocities, we know

that both q and
−→
B cannot depend on the shift of reference frame. Therefore the

electric field must change from one frame to another. Let
−→
E ′ be the electric field
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in the co-moving frame with velocity −→u relative to the laboratory frame. Making a

Galilean transformation, the electric field in the two frames are related by equation

(18).

−→
E +−→v ×

−→
B =

−→
E ′ + (−→v −−→u )×

−→
B (18)

This results in equation (19).

−→
E ′ =

−→
E +−→u ×

−→
B . (19)

The frame with velocity −→u is chosen to be the frame moving at the plasma’s mean

mass velocity. Let us now consider a plasma with number density nj of the jth charged

particle with charge qj and velocity −→vj . The net Lorentz force per unit volume, the

force density, is given in equation (20).

−→
f =

∑
j

njqj(
−→
E +−→vj ×

−→
B ) (20)

We then make the MHD approximation of a neutral plasma defined in equation (21).

∑
j

njqj = 0 (21)

The force density is now given by equation (22).

−→
f =

∑
j

(njqj
−→vj )×

−→
B (22)

The current density within the plasma is defined in equation (23).

−→
j =

∑
j

njqj
−→vj (23)
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Therefore, the Lorentz force density is given in equation (24), where −→vj can be the

velocity of any frame chosen, including the plasma frame.

−→
f =

−→
j ×
−→
B (24)

Since the electron mobility in a plasma is much higher than that of the ions, the

dominant contribution to the current comes from the electrons. Therefore, in the

plasma the current density is given by equation (25).

−→
j = −ene−→ve (25)

Now let us consider the net Lorentz force per unit volume on the swarm of electrons

in the plasma given by equation (26), where νe is the electron collision frequency and

the first equation on the right hand side is Newton’s second law.

−→
fe = −neme

−→veνe =
meνe
e

−→
j (26)

This gives the current density in equation (27).

−→
j =

e2ne
meνe

(
−→
E ′ +−→ve ×

−→
B ) (27)

Therefore, the current density can be expressed in terms of the electric field and the

−→
j ×
−→
B force as in equation (28).

−→
j =

e2ne
meνe

−→
E ′ − e

meνe

−→
j ×
−→
B (28)

Now we can define two important parameters, the scalar conductivity σ given in

equation (29), and the Hall parameter as shown in equation (30).

22



www.manaraa.com

σ =
e2ne
meνe

(29)

β =
eB

meνe
(30)

From equation (30) we can define the Hall parameter in vector form by equation (31).

~β = β
~B

B
(31)

This gives the generalized Ohm’s law as shown in equation (32).

σ
−→
E ′ =

−→
j +
−→
j ×
−→
β (32)

The Hall parameter is usually much smaller than the scalar conductivity term, so it

can be ignored. Since,
−→
E ′ =

−→
E +−→u ×

−→
B , the generalized Ohm’s law is now given in

equation (33).

−→
j = σ(

−→
E +−→u ×

−→
B ) (33)

Defining the resistivity to be the inverse of the conductivity, the resistivity is shown

in equation (34).

η ≡ 1

σ
(34)

This results in the form of Ohm’s law most commonly used in the MHD formulation

of plasma physics.

−→
E +−→u ×

−→
B = η

−→
j (35)
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2.2.4.1 Scalar Conductivity

The scalar conductivity is shown in equation (29), but this equation is not use-

ful in MHD formulations. Therefore more general expressions are used which are

based on temperature. One of these expressions is the Spitzer-Harm formulation [21].

The Spitzer-Harm formulation of scalar conductivity is defined in equation (36) and

equation (37).

σ = (1.53 ∗ 10−2)
T 3/2

lnΛ
(36)

lnΛ = ln
12
√

2π(kbε0T )3/2

q3n1/2
(37)

Where lnΛ is the Coulomb logarithm, kb is Boltzmann’s constant, q = e for a singly

ionized plasma, and n is the number density ( ρ
mi+me

).

2.3 Magnetohydrodynamic Equations

Several basic assumptions are applied in the single fluid description of MHD [27].

First, the plasma moves as a single fluid. The number density of electrons and ions

is assumed to be equal, ne = ni = n. This provides the mass density for the plasma

as in equation (38).

ρ = nimi + neme = n(mi +me) (38)

From this expression the plasma velocity is derived in equation (39).

−→v =
1

ρ
(nimi

−→vi + neme
−→ve ) =

mi
−→vi +me

−→ve
me +mi

(39)

This results in the plasma current density given in equation (40).
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−→
j = e(ni

−→vi − ne−→ve ) = ne(−→vi −−→ve ) (40)

The second important assumption is that of quasi-neutrality, where it is assumed that

the plasma has a neutral charge at lengths greater than that of the Debye length.

Next we utilize Maxwell’s equations given by the following expressions.

∇×
−→
E = −∂

−→
B

∂t
(41)

∇×
−→
B = µ0

−→
j +

1

c2
∂
−→
E

∂t
(42)

∇ •
−→
E = 0 (43)

∇ •
−→
B = 0 (44)

These are combined with the gas dynamic equations that describe the hydrodynamic

evolution of the mass density ρ and pressure p given in equation (45) and equation

(46) respectively.

∂ρ

∂t
+∇ • (ρ−→v ) = 0 (45)

∂p

∂t
+−→v • ∇p+ γp∇ • −→v = 0 (46)

From these, the basic equations of MHD are derived and given in equations (47)

through (50), where γ is the thermodynamic constant.
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∂ρ

∂t
+∇ • (ρ−→v ) = 0 (47)

ρ(
∂−→v
∂t

+−→v • ∇−→v ) +∇p− 1

µ0

(∇×
−→
B )×

−→
B = 0 (48)

∂p

∂t
+−→v • ∇p+ γp∇ • −→v = 0 (49)

∂B

∂t
−∇× (−→u ×

−→
B − η−→j ) = 0 (50)

For ideal MHD, the plasma is assumed to have perfect (infinite) conductivity. This

means that the plasma has zero resistivity. All the equations are the same except for

(50) which becomes equation (51) with the assumption of perfect conductivity.

∂B

∂t
−∇× (−→u ×

−→
B ) = 0 (51)

There are two more important equations that play a key role in the MHD models.

First, we defined the plasma equation of state to be the ideal gas equation defined in

equation (52).

p = (ne + ni)kbT (52)

Next, the internal energy of the plasma is defined in equation (53).

e =
1

γ − 1

p

ρ
= cvT. (53)

It is also important to note the entropy density defined in equation (54).
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S = pργ−1. (54)

From these equations we derive two more important (yet interchangeable) MHD equa-

tions, which are given in equation (55) and equation (56), where D
Dt

is ∂
∂t

+ −→v • ∇,

the adiabatic derivative.

De

Dt
+ (γ − 1)e∇ • −→v = 0 (55)

DS

Dt
= 0 (56)

2.3.1 1D Steady State Magnetohydrodynamic Equations

The MHD equations given in the section above are the most commonly used forms.

They can, however, be recast into a form utilizing the temperature, T , instead of the

energy density [5]. This is done through the use of the ideal gas relation between ρ,

p, and T given in equation (57); where cp is the specific heat at constant pressure and

is related to the thermodynamic constant γ through the relation cp
cv

= γ.

cpT =
γ

γ − 1

p

ρ
(57)

Using this relation, the MHD equations take the forms given in equation (58), equa-

tion (59), and equation (60); with the generalized Ohm’s law given in equation (61).

∂ρ

∂t
+∇ • (ρ−→u ) = 0 (58)

ρ(
∂−→u
∂t

+−→u • ∇−→u ) = −∇p+ (
−→
j ×
−→
B ) (59)
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ρ(
∂

∂t
+−→u • ∇)(cpT +

u2

2
) =

∂p

∂t
+
−→
j •
−→
E (60)

−→
j = σ(

−→
E +−→u ×

−→
B ) (61)

Let us assume we have a 1D flow in the ẑ direction with current and electric field in

the r̂ direction and therefore a magnetic field only in the θ̂ direction (self-field MPD).

In the steady state regime, equation (58) becomes equation (62).

d

dz
(ρ−→u ) = 0. (62)

From this, the simple solution of equation (63) is derived, where F is a constant.

ρ−→u = F (63)

In the steady state regime, equation (59) and equation (60) become equation (64)

and equation (65).

ρ−→u du
dz

= −dp
dz

+ (
−→
j ×
−→
B )z (64)

ρ−→u d

dz
(cpT +

u2

2
) = jrE (65)

For a 1D flow scenario, the generalized Ohm’s law is give by equation (66).

jr = σ(E + (−→u ×
−→
B )r). (66)

We then solve the system of equations given by equation (64) and (65) to get the

simultaneous differential equations given by equation (67) and equation (68).
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dp

dz
= −[

p

u
+
γ − 1

γ
F ]
du

dz
+
γ − 1

γ
(jr
E

u
) (67)

du

dz
=

jrBθ − γ−1
γ

jrE
u

F [1− ( p
uF

+ γ−1
γ

)]
(68)

These equations, along with the temperature, can be solved simultaneously by

standard numerical methods. This gives the evolution of the plasma motion in the

steady state regime from the solutions of the equations (67) and (68). The steady

state solutions of the plasma motion can be used to gain insight into the long term

operation of the MPD thrusters, which is of interest to long term space exploration

missions. However, for PJMIF purposes heavy ion drivers operate in a time domain

much shorter than the time required to reach the steady state regime. As such, the

heavy ion drivers are subject to time dependent effects not included in the steady

state regime; but this regime can still provide some useful insight.

2.3.2 1D Steady State MPD Thruster Description and Critical Ion-

ization Velocity

For the self-field MPD thruster, there exists a magnetic field only in the θ̂ direction

given by (5). Therefore, at the inlet of the MPD thruster, the magnitude of the

magnetic field is given by equation (69).

Bθi =
µ0J

2πr
(69)

Assuming that the axial plasma velocity, vz, is uniform over the inlet channel the

thrust is given by Maecker formula, as shown in equation (70) [28].

T = ṁ[[vz]] =
µ0J

2

4π
(ln(

ra
rc

) + A) (70)
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In equation (70) ṁ represents the assigned propellant mass flow rate, [[vz]] = vzo−vzi

is the difference between the outlet and inlet propellant speeds, and A is a parameter

dependent on the geometry of the MPD currents and electrodes. The energy balance

yields equation (71) [28], where ∆V is the potential difference between the electrodes.

1

2
ṁ[[v2z ]] = J∆V (71)

Therefore, equation (71) shows that the only requirement for obtaining higher plasma

velocity is the application of a higher current. However, it is important to note that

equations (70) and (71) assumed that the propellant was fully ionized when enetering

the MPD chamber. This is not true in most real world MPD experiments and devices.

This assumption neglects the energy lost due to the ionization of the gas by the MPD

current and the acceleration dynamics within the region of ionization. In low current

regimes, like those studied in this thesis, it is well known that the ionization limits the

acceleration of the plasma [28]. Until the plasma is completely ionized, the plasma

velocity in the steady state regime is limited to the critical ionization velocity, as

shown in (72) [28], where Eion is the ionization energy of the plasma and M is the

atomic mass of the propellant.

vcrit =
√

2Eion/M (72)

For example, the ionization energy of xenon is 12.1298eV giving a critical velocity of

4222.05m/s. This means that until the plasma in the MPD channel is fully ionized

it can only achieve a maximum velocity of 4222.05m/s. The time-dependent domain

has a similar limitation from the effects of ionization, but the dynamics are not as

simple as the steady state regime. However, since the MPD models considered in this

thesis use simplified equations of state, it is safe to assume that a non-ionized plasma
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would have the same limiting value in the time-dependent domain.

Since the plasma velocity is limited by the critical velocity, the thrust also has a

limiting value given by equation (73) [28].

T ≤ 2ṁvcrit (73)

Therefore, in any model of MPD thruster operation considering non-ionized injected

plasma, the critical velocity represents the maximum obtainable plasma velocity and

significantly limits the thrust of the MPD.

2.4 Estimate of Plasma Jet Power

The magnitude of the exit velocity at the outlet of the MPD thruster is given by

equation (74); where ue is the exit velocity of the plasma column, ṁ is the mass flow

rate, F is the force exerted onto the plasma by the MPD, J is the applied current, ra

is the anode radius, and rc is the cathode radius.

ue =
F

ṁ
=
µ0J

2

4πṁ
(ln

ra
rc

+
3

4
) (74)

Therefore, the mass flow rate of the plasma column is given by equation (75).

ṁ =
F

ue
=
µ0J

2

4πue
(ln

ra
rc

+
3

4
) (75)

The power obtained by the plasma jet at the outlet of the MPD thruster is then given

by (76).

Pjet =
F 2

2ṁ
(76)
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From this, an estimate of the power obtained by the plasma jet for both low and high

powered MPD thrusters can be obtained and is presented in Table 4.

Table 4: Power Obtained by the Plasma Jet for Both Low and High Powered MPDs.

J(A) Pjet(W), ue = 50km/s Pjet(W), ue = 100km/s

1000A 5.89× 103 1.18× 104

2000A 2.36× 104 4.72× 104

3000A 5.31× 104 1.06× 105

4000A 9.43× 104 1.89× 105

10000A 5.89× 105 1.18× 106

15000A 1.33× 106 2.65× 106

20000A 2.36× 106 4.72× 106

From Table 4, it is clear that in order to reach MW levels of plasma jet power,

high powered MPD thrusters are required. However, low powered MPD thrusters are

shown to be capable of achieving high powered plasma jets, even with an exit velocity

of 100km/s. Therefore, low powered MPD thrusters show promise as a potential new

class of heavy ion drivers. This thesis will be devoted to investigating the possibility

of using low powered MPD thrusters as heavy ion drivers for the PLX experiment

and PJMIF.

2.5 Summary of the MPD Thrusters Studied in this Thesis

As stated in Section 2.1, low powered MPD thrusters are capable of achieving

plasma velocities on the order of several kilometers per second. These velocities are

too small to be used in a heavy ion driver for PJMIF purposes. In order to increase

the plasma velocities obtained by low power MPD thrusters, this thesis will study the
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effects of maintaining the initial plasma at a high initial pressure. Specifically, the

injected plasma will be kept at an initial pressure of 104Pa. Using the ideal gas law,

the temperature of 1keV as used in Section 2.1 corresponds to an initial pressure of

32.02Pa, much lower than the pressures studied in this thesis. A plasma composed of

xenon gas, rather than argon, is studied in this thesis. Xenon has not been studied to

the same degree as fuel for low powered MPD thrusters. This thesis will also study

the effects of low power solenoidal magnetic fields on the plasma motion in order to

study the generation and affects of the swirling motion.

The Hybrid MPD model of Section 2.2.2 represents the self-field magnetic field

created by driving a current density through the plasma. The applied axial solenoidal

magnetic fields are predicted to generate a swirling motion within the plasma as

described in Section 2.2.3. The resistivity felt by the plasma will be modelled as

the scalar value described in Section 2.2.4. As described in Section 2.1, the most

commonly used method for modelling the plasma motion in an MPD thruster is the

set of MHD equations described in Section 2.3. These equations will be used to model

the plasma motion in this thesis. This research effort will study two regimes of plasma

motion. The first is the 1D steady state regime as described in Section 2.3.1. The

second is the 1D time dependent domain, which is modelled by the full set of MHD

equations presented in Section 2.3. The methods used for numerically modeling the

plasma motion described by this theory is presented in Chapter 3.
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III. Numerical Methods

3.1 Numerically Solving 1D Steady State MHD

The 1D steady state equations can be simultaneously solved with standard numer-

ical algorithms. For this thesis a fifth-order Runge-Kutta method was chosen because

it is well suited for a small step size, which is required in order to maintain a high

accuracy for the simulation results [29]. This method is summarized in equation (77).

x(t+ h) = x(t) +
16

135
K1 +

6656

12825
K3 +

28561

56430
K4 −

9

50
K5 +

2

55
K6 (77)

K1 = hf(t, x)

K2 = hf(t+
1

4
h, x+

1

4
K1)

K3 = hf(t+
3

8
h, x+

3

32
K1 +

9

32
K2)

K4 = hf(t+
12

13
h, x+

1932

2197
K1 −

7200

2197
K2 +

7296

2197
K3)

K5 = hf(t+ h, x+
439

216
K1 − 8K2 +

3680

513
K3 −

845

4104
K4)

K5 = hf(t+
1

2
h, x− 8

27
K1 + 2K2 −

3544

2565
K3 +

1859

4104
K4 −

11

50
K5)

In these equations, x(t) represents the time dependent variable for which we wish

to find a numerical solution. The function f(t, x) is the differentiable function that

determines the solution for x(t) and h is the step size chosen to be small enough so

as to minimize any errors present in the system. The full origins and derivation of

these systems of equations is found in Ref [29].

34



www.manaraa.com

3.2 Conservative MHD Equations

The MHD equations are difficult to solve without any further simplifications of

the algebra [30]. In this section, I will describe how these simplifications are made

and how they affect the numerical algorithms. For now let us use the ideal MHD

equations. The resistive solutions will be described later on in this chapter.

3.2.1 Conservative Equations

A system of quasi-linear PDEs is said to be in conservative form if all terms can

be written as a generalized divergence of the dependent variables or simple functions

of them, i.e. in the form of equation (78) [30].

∂

∂t
(...) +∇ • (...) = 0 (78)

When equations are written in this form it is simple to obtain local and global con-

servation laws for them. It is also simple to obtain jump conditions at shock points.

Numerical algorithms that solve these types equations are very powerful and usually

very accurate.

3.2.2 Conservative MHD

Let us now derive the conservative form of the MHD equations. The ideal MHD

equations in cgs units are given in equations (79) - (85) [31].

∂ρ

∂t
+∇ • (ρ−→v ) = 0 (79)

ρ
∂−→v
∂t

+ ρ−→v +∇p− 1

c

−→
j ×
−→
B = 0 (80)
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−→
j =

c

4π
∇×

−→
B (81)

p = (γ − 1)ρe (82)

∂e

∂t
+−→v • (∇e) + (γ − 1)e∇ • −→v = 0 (83)

∂
−→
B

∂t
+ c∇×

−→
E = 0 (84)

−→
E = −1

c
−→v ×

−→
B (85)

Equation (79) is already in conservative form (mass conservation). The rest, however,

must be manipulated. A few vector identities useful for this purpose are given in

equations (86) - (89).

∇ • (−→a
−→
b ) = −→a∇ •

−→
b +
−→
b ∇ • −→a (86)

−→a × (∇×
−→
b ) = (∇

−→
b ) • −→a −∇ • (−→a

−→
b )−

−→
b ∇ • −→a (87)

∇× (−→a ×
−→
b ) = ∇ • (

−→
b −→a −−→a

−→
b ) (88)

∇(−→a •
−→
b ) = (∇−→a ) •

−→
b + (∇

−→
b ) • −→a (89)
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The first term in equation (80), the momentum equation, is then converted into

equation (90).

ρ
∂−→v
∂t

+ ρ−→v • ∇−→v =
∂

∂t
(ρ−→v ) +∇ • (ρ−→v −→v ) (90)

The last term in the momentum equation then given by equation (91).

−−→j ×
−→
B =

c

4π
∇(

1

2
B2)− c

4π
∇ • (

−→
B
−→
B ) (91)

Alfven’s equation then becomes:

∇×
−→
E = −1

c
∇× (−→v ×

−→
B ) =

1

c
∇ • (−→v

−→
B −

−→
B−→v ). (92)

In order to conserve total energy we need to manipulate several equations. The first

is to take −→v • Momentum Equation as in equation (93).

∂

∂t
(
1

2
ρv2) +∇ • (

1

2
ρv2−→v ) +−→v • ∇p− 1

c
−→v • −→j ×

−→
B = 0 (93)

Now we take ρ times the internal energy equation as in equation (94).

∂

∂t
(ρe) +∇ • (ρe−→v ) + p∇ • −→v = 0 (94)

Finally we take 1
4π

−→
B • Alfven’s Equation as in equation (95).

∂

∂t
(
1

2

B2

4π
) +

1

4π
∇ • [

−→
B •
−→
B−→v −−→v •

−→
B
−→
B ] +

1

c
−→v • −→j ×

−→
B = 0 (95)

Combining equations (93), (94), and (95) gives the conservative form of the energy

equation as expressed in equation (96).

∂

∂t
(
1

2
ρv2 + ρe+

1

2

B2

4π
) +∇ • [(

1

2
ρv2 + ρe+ p+

B2

4π
)−→v −−→v • 1

4π

−→
B
−→
B ] = 0 (96)
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Alfven’s equation becomes:

∂
−→
B

∂t
+∇ • (−→v

−→
B −

−→
B−→v ) = 0. (97)

Finally the momentum equation is given by equation (98), where Î is the identity

matrix.

∂

∂t
(ρ−→v ) +∇ • [ρ−→v −→v + (p+

1

2

B2

4π
)Î − 1

4π

−→
B
−→
B ] = 0 (98)

Combining these equations together and converting to Heaviside-Lorentz units we

obtain the conserved ideal MHD equations.

∂ρ

∂t
+∇ • (ρ−→v ) = 0 (99)

∂ρ−→v
∂t

+∇ • (ρ−→v −→v + pT Î −
−→
B
−→
B ) = 0 (100)

∂e

∂t
+∇ • ((e+ pT )−→v − (−→v •

−→
B )
−→
B ) = 0 (101)

∂
−→
B

∂t
+∇ • (−→v

−→
B −

−→
B−→v ) +∇ψ = 0 (102)

∂ψ

∂t
+ c2h∇ •

−→
B = −(

c2h
c2p

)ψ (103)

In these equations pT = p+B2/2 is the total pressure, e = p//(γ− 1) +ρv2/2 +B2/2

is the total energy density, γ = 5/3, and ψ is a virtual potential for hyperbolic

divergence cleaning. In other words, ψ is used to ensure that ∇ •
−→
B = 0 within

acceptable error. The hyperbolic divergence cleaning method is not necessary for 1D
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simulations, but is provided here for context [32].

3.3 Numerically Solving the Conservative MHD Equations

The main purpose of numerically solving the above equations is to create a flux

conserving scheme [33]. Let us start with the 1D problem. The first step is to create

cells out of the grid. The cell centers are now called grid points located at xi and the

location of the cell walls is given by equation (104).

xi+1/2 =
1

2
(xi + xi+1) (104)

Assume that we have a constant grid spacing dx between cell edges and cell centers.

For our conserved quantities qni the total amount in each cell is Qn
i = qni V . We

formulate the fluxes of these quantities at the cell edges/interfaces, fi+1/2, which is

shown in equation (105), where S is the surface area of the cell interface.

∂Qi

∂t
= (fi−1/2 − fi+1/2)S (105)

The discrete form of equation (105) is shown in equation .

Qn+1
i −Qn

i

dt
= (f

n+1/2
i−1/2 − f

n+1/2
i+1/2 )S

∂Qi

∂t
= (fi−1/2 − fi+1/2)S (106)

Therefore, the conserved quantities are given by equation (107).

qn+1
i − qni
dt

=
f
n+1/2
i−1/2 − f

n+1/2
i+1/2

dx
(107)

In explicit notation this is given by equation (108).

qn+1
i = qni +

dt

dx
(f

n+1/2
i−1/2 − f

n+1/2
i+1/2 ). (108)
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There now remains two main questions. How do we solve the fluxes at each cell

interface and how do we advance in time?

3.3.1 MUSCL/Total Variation Diminishing (TVD) Schemes

Since each of the conserved variables is calculated at the cell centers, it is necessary

to interpolate their values to the cell edges for calculation of the fluxes. This requires

the use of a numerical assumption. One method of accomplishing interpolation is to

assume a piecewise linear model [34]. This creates a subgrid model where each cell

has its own linear or higher order interpolation from the cell center to the cell edges.

These schemes are called Monotonic Upwind-centered Scheme for Conservation Laws

(MUSCL) schemes. Within each cell, the state at the beginning of the time step is

given by equation (109), where σni is some slope which interpolates the value to the

edge.

q(x, t = tn) = qni + σni (x− xi) xi−1/2 < x < xi+1/2 (109)

Assume for the moment that the velocity u is greater than 0 and constant. At the

interface, the conserved flux is given by equation (110).

fi−1/2(t) = uqni−1 + uσni−1(
1

2
dx− u(t− tn)) (110)

Equation (110) is then averaged over a time step dt, which results in equation (111).

uqni−1 +
1

2
uσni−1(dx− udt) (111)

Therefore the difference between the two averaged fluxes fi+1/2 and fi−1/2 is:

u(qni − qni−1) +
1

2
u(σni − σni−1)(dx− udt). (112)
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Therefore, in discrete notation equation (112) is given by equation (113).

qn+1
i = qni −

udt

dx
(qni − qni−1)−

udt

dx

1

2
(σni − σni−1)(dx− udt) (113)

Since the conserved variables are cell centered values, but the flux functions are eval-

uated at the cell interfaces, we need a way of interpolating the cell centered functions

to cell edges. When these functions are interpolated a new maximum or minimum

cannot be created, otherwise this will cause non-physical oscillations in the plasma

motion. One way to accomplish this is through the use of slope limiter functions as

previously described. These functions interpolate the cell centered values to the cell

edges, while ensuring non-physical oscillations are not created. The question now is

what do we chose for the limiter function?

3.3.1.1 Minmod Limiter

The choice made in this thesis is the minmod limiter [35]. The minmod limiter is

defined in equation (114).

σni = minmod(
qni − qni−1

δx
,
qni+1 − qni

δx
) (114)

The minmod(a, b) function is defined in equation (115).

minmod(a, b) =



a if | a |<| b | and ab > 0

b if | a |>| b | and ab > 0

0 if ab ≤ 0


(115)

Another way of looking at this limiter function is through the definition in equation

(116) and equation (117); where minmod(a, b) = sign(a)+sign(b)
2

min(| a |, | b |).
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u−i+1/2 = ui +
1

2
minmod(ui+1 − ui, ui − ui−1) (116)

u+i+1/2 = ui −
1

2
minmod(ui+2 − ui+1, ui+1 − ui) (117)

These two definitions are equivalent and the second one is implemented in the code.

The reason this limiter was chosen is that it provides second order accuracy for the

interpolation scheme. The minmod limiter was also chosen because it is the standard

limiter function used in these types of solvers, as well as in previous studies conducted

with this specific code base.

3.3.1.2 Second Order Runge-Kutta TVD Method

Now that we have defined a method for interpolating the cell centered values of

the conserved variables to the cell interfaces, we will define a second order accurate

method for calculating the time change of the conserved variables. This will be

accomplished through the use of the Total Variation Diminishing method [34]. The

Total Variation is a measure of the oscillations in a simulation and is defined in

equation (118).

TV (u) =
∑
j

| uj+1 − uj | (118)

A Total Variation Diminishing (TVD) scheme is one that has the property of:

TV (un+1) < TV (un). (119)

The equation we wish to solve is defined in equation (120).
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ut = L(u) (120)

In 1D MHD this equation is given by equation (121).

ut = −f(u)x (121)

The TVD second order Runga-Kutta method is defined in equation (122) and equation

(123). This is a two step method. The first step is performed as an initial guess step,

the result of which (u(1)) is then used in the second step to produce the final result

(un+1) for the full time step.

u(1) = un + dtL(un) (122)

un+1 =
1

2
un +

1

2
u(1) +

1

2
dtL(un) (123)

Since the slope limiter is chosen to be second order accurate, it is then necessary to

chose a time advancing method that is also second order accurate. This TVD scheme

provides a second order accurate method for advancing the conserved variables in

time.

3.3.2 Flux Solvers

Now that we have chosen a method for interpolating the conserved variables from

the cell centers to the cell interfaces and a method for advancing the conserved vari-

ables in time, it is necessary to chose a method for solving the spatial variation of

the MHD equations. There are numerous methods for doing this, but most are be-

yond the scope of this thesis. For this thesis the Godunov method was selected [9].

This is a well known, and a relatively easy to understand, numerical method. This
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method functions by considering the solution to the Riemann problem at each cell

interface. A full treatment of the Riemann problem is beyond the scope of this thesis,

but a general overview is now provided. At each cell interface, it is assumed that the

plasma encounters a shock surface. At these surfaces the shock waves travel along the

characteristic surfaces defined by the eigenvalues of the conservative MHD equations

defined in section 3.3.2.2. At each of these cell interfaces the jump conditions are then

used to solve for the spatial variation of the plasma motion across each interface. The

full collection (unity) of the plasma motion across each interface is then used as the

solution of the spatial variation of the MHD equations for a single time step. As

stated in Section 3.3.1.2, the TVD scheme requires two time step calculations for a

second order accurate scheme. As a result the Godunov method is solved twice, once

per each TVD step, for a full step in time. The full Godunov method is explained

below.

3.3.2.1 Godunov Method

Figure 13 shows the typical layout of the standard Godunov Numerical Scheme.

Figure 13: Layout of the Godunov scheme. Reproduced with permission from [9].

The Godunov method considers the numerical solution of the hyperbolic conser-

vation laws defined in equation (124).
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−→u +
−→
f (−→u )x = 0 (124)

This method considers the numerical values of the solutions −→u n
i to be the cell averages

of the analytical function at the time step n,

−→u n
i =

1

dx

∫ xi+1/2

xi−1/2

−→u (x, ndt)dx. (125)

This assumes a piece-wise constant data representation. At each cell interface the

associated Riemann problem is solved and the unity of all Riemann problems are

used to update the numerical solution at that time step. We can then define the

numerical flux as shown in equation (126) and equation (127).

−→
f n
i−1/2 =

−→
f (−→u n

i−1,
−→u n

i ) =
1

dt

∫ tn+1

tn

−→
f (−→u (xi−1/2, t))dt (126)

−→
f n
i+1/2 =

−→
f (−→u n

i+1,
−→u n

i ) =
1

dt

∫ tn+1

tn

−→
f (−→u (xi+1/2, t))dt (127)

With these two numerical fluxes defined, we can then state the Godunov method in

conservative, discrete, form shown in equation (128).

−→u n+1
i = −→u n

i −
dt

dx
(
−→
f n
i+1/2 −

−→
f n
i−1/2) (128)

Now that the discrete form of the Godunov method has been established, it is nec-

essary to develop a method for numerically calculating the flux variation across each

cell interface. There are numerous methods for accomplishing this, most of which are

beyond the scope of this thesis. In the next section, I will cover one such method

used to solve the Riemann problem at each cell interface, the HLLD solver.
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3.3.2.2 The HLLD Solver

This subsection reviews the derivation and analysis of the HLLD solver presented

in [36]. The typical layout of the HLLD flux solver method is shown in Figure 14.

Figure 14: The HLLD scheme. Reproduced with permission from [10].

Consider the ideal 1D conservative MHD equations in the x̂ direction given by

equation (129).

∂
−→
U

∂t
+
∂
−→
F

∂x
= 0 (129)

The conserved variables, U , is are given in equation (130); and the fluxes of these

variables are given in equation (131).

−→
U =



ρ

ρu

ρv

ρw

By

Bz

e



(130)

46



www.manaraa.com

−→
F =



ρu

ρu2 + pT −B2
x

ρvu−BxBy

ρwu−BxBz

Byu− vBx

Bzu− wBx

(e+ pT )u−Bx(
−→v •
−→
B )



(131)

These equations have seven eigenvalues: two Alvfen waves (ca), four magneto-sonic

waves (two fast and two slow) (cf,s), and an entropy wave (cu). The eigenvalues

correspond to the speeds of these waves; which are then presented in equation (132),

equation (133), and equation (134):

ca =
Bx√
ρ

(132)

cf,s =

√
γpB2 +

√
(γp+B2)2 − 4γpB2

x

2ρ
(133)

cu = u (134)

We assume that the normal velocity is constant over the Riemann fan in Figure 14.

It is assumed in [36] that the normal velocity corresponds to the entropy (contact)

wave, SM . This also leads to the result that the total pressure is constant over

the Riemann fan. Slow shocks cannot be formed inside the Riemann fan; however

rotational discontinuities can be formed and propagate along with the Alfven waves.

The Reimann fan is then divided into four intermediate states:
−→
U ∗L,

−→
U ∗∗L ,

−→
U ∗∗R , and

−→
U ∗R. The choice of SM is given by equation (135) [36].
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SM =
(SR − uR)ρRuR − (SL − uL)ρLuL − pTR + pTL

(SR − uR)ρR − (SL − uL)ρL
(135)

The constant normal velocity leads to:

u∗L = u∗∗L = u∗∗R = u∗R = SM . (136)

This also leads to a constant total pressure across the Riemann fan given by equation

(137).

p∗TL = p∗∗TL = p∗∗TR = p∗TR = p∗T (137)

From equation (137), the total pressure is given by equation (138).

p∗T =
(SR − uR)ρRpTL − (SL − uL)ρLpTR + ρLρR(SR − uR)(SL − uL)(uR − uL)

(SR − uR)ρR − (SL − uL)ρL
(138)

The intermediate wave speeds are defined in equation (139) and equation (140) [36].

S∗L = SM −
| Bx |√
ρ∗L

(139)

S∗R = SM +
| Bx |√
ρ∗R

(140)

The outer wave speeds are defined in equation (141) and equation (143) [36].

SL = min(uL, uR)−max(cfL, cfR) (141)

SR = max(uL, uR) +max(cfL, cfR) (142)
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By applying the jump conditions across each of the wave boundaries for each interme-

diate state, we can solve for each of the conserved variables along with the velocities

and pressure at each intermediate state. Therefore, the HLLD flux is then given in

equation (143) [36].

−→
F HLLD =



−→
F L SL > 0

−→
F ∗L SL ≤ 0 ≤ S∗L
−→
F ∗∗L S∗L ≤ 0 ≤ SM
−→
F ∗∗R SM ≤ 0 ≤ S∗R
−→
F ∗R S∗R ≤ 0 ≤ SR
−→
F R SR < 0


(143)

At each cell interface, the magnitudes and directions of the eigenvalues are calculated

using the method described above. From these calculations the flux is then calculated

from equation (143). This is then used as the spatial variation of the MHD equations

at the specified cell interface. The unity of all the cell interface solutions is then used

as the complete spatial variation of the MHD equations at the given time step.

3.3.3 Resistive MHD

The Godunov method and HLLD flux solver both assumed that the MHD equa-

tions were in the ideal from (no resistivity); but in order to capture the effects felt by

the plasma in an MPD thruster, it is necessary to include the influence of resistivity

on the solutions. Since the time step and spatial variation methods were both second

order accurate, the method for calculating the resistive flux should also be second

order accurate [37]. A method for accomplishing this is now described.
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3.3.3.1 Spatial Discretization of the Current for a Uniform Grid

Since the flux for the magnetic field contains the Hall term and ~J = c∇× ~B, it is

necessary to calculate the current with second order accuracy at the cell interfaces.

For a Cartesian grid, this can be accomplished by a simple central difference and

averaging method [38].

For the x-face, the currents are given in equation (144), equation (145), and equa-

tion (146).

Jxi+1/2,j,k = c[
Bz
i,j+1,k +Bz

i+1,j+1,k −Bz
i,j−1,k −Bz

i+1,j−1,k

4dy
−

By
i,j,k+1 +Bz

i+1,j,k+1 −Bz
i,j,k−1 −Bz

i+1,j,k−1

4dz
]

(144)

Jyi+1/2,j,k = c[
Bx
i,j,k+1 +Bx

i+1,j,k+1 −Bx
i,j,k−1 −Bx

i+1,j,k−1

4dz
−
Bz
i+1,j,k −Bz

i,j,k

dx
] (145)

Jzi+1/2,j,k = c[
By
i+1,j,k −B

y
i,j,k

dx
−
Bx
i,j+1,k +Bx

i+1,j+1,k −Bx
i,j−1,k −Bx

i+1,j−1,k

4dy
] (146)

For the y-face, the currents are given in equation (147), equation (148), and equation

(149).

Jxi,j+1/2,k = c[
Bz
i,j+1,k −Bz

i,j,k

dy
−
By
i,j,k+1 +Bz

i,j+1,k+1 −Bz
i,j,k−1 −Bz

i,j+1,k−1

4dz
] (147)

Jyi,j+1/2,k = c[
Bx
i,j,k+1 +Bx

i,j+1,k+1 −Bx
i,j,k−1 −Bx

i,j+1,k−1

4dz
−

Bz
i+1,j,k +Bz

i+1,j+1,k −Bz
i−1,j,k −Bz

i−1,j+1,k

4dx
]

(148)
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Jzi,j+1/2,k = c[
By
i+1,j,k +By

i+1,j+1,k −B
y
i−1,j,k −B

y
i−1,j+1,k

4dx
−
Bx
i,j+1,k −Bx

i,j,k

dy
] (149)

For the z-face, the currents are given in equation (150), equation (151), and equation

(152).

Jxi,j,k+1/2 = c[
Bz
i,j+1,k +Bz

i,j+1,k+1 −Bz
i,j−1,k −Bz

i,j−1,k+1

4dy
−
By
i,j,k+1 −Bz

i,j,k

dz
] (150)

Jyi,j,k+1/2 = c[
Bx
i,j,k+1 −Bx

i,j,k

dz
−
Bz
i+1,j,k +Bz

i+1,j,k+1 −Bz
i−1,j,k −Bz

i−1,j,k+1

4dx
] (151)

Jzi,j,k+1/2 = c[
By
i+1,j,k +By

i+1,j,k+1 −B
y
i−1,j,k −B

y
i−1,j,k+1

4dx
−

Bx
i,j+1,k +Bx

i,j+1,k+1 −Bx
i,j−1,k −Bx

i,j−1,k+1

4dy
]

(152)

Since this thesis deals with 1D models of MPD thrusters with the axis of the MPD

on the z-axis (∇ = ∂
∂z

), the currents can be reduced to only the z-face currents given

by equation (153), equation (154), and equation (154).

Jxi,j,k+1/2 = −c[
By
i,j,k+1 −B

y
i,j,k

dz
] (153)

Jyi,j,k+1/2 = c[
Bx
i,j,k+1 −Bx

i,j,k

dz
] (154)

Jzi,j,k+1/2 = 0 (155)
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These currents are then used in the calulation of the resistive flux as described in

the following section.

3.3.3.2 Resistive Flux for a Uniform Grid

Resistivity enters into the MHD equations in the energy density equation and

in Alfven’s equation. The fluxes for these equations must be corrected to handle

resistivity. The resistive flux terms are given by equation (156), equation (157),

equation (158), and equation (159).

F res
e =

c

2
ηJxi,j,k+1/2(B

y
i,j,k+1 +By

i,j,k)−
c

2
ηJyi,j,k+1/2(B

x
i,j,k+1 +Bx

i,j,k) (156)

F res
bx = −cηJyi,j,k+1/2 (157)

F res
by = cηJxi,j,k+1/2 (158)

F res
bz = 0 (159)

After the ideal MHD equations are spatially solved using the Godunov method, these

resistive fluxes are then added to the calculated ideal fluxes. This maintains the

second order accuracy of the scheme of the flux solver. More accurate methods are

employed in other studies, but these methods are beyond the scope of this thesis.

52



www.manaraa.com

3.4 Open-MHD

The code base for this thesis was taken from the open source MHD simulation

code Open-MHD, written by Dr. S. Zenintani. The code was originally written

in FORTRAN but for the purposes of this thesis and computational ease it was

coded into Matlab. The Matlab script was extensively tested and was successful in

reproducing the results from [39] and [40]. For the studies of the MPD thrusters,

the number of grid points was set to 500 + 2. This number corresponds to a similar

accuracy as in the examples. The initial solution domain was split into two regions.

The region of z less than zero was set as the region with no magnetic fields and the

initial injected plasma. The region of z greater than zero was modelled as the MPD

thruster with an approximated vacuum density and vacuum pressure. This region

is described in detail in Chapter 4. The length of the MPD thruster was chosen as

15.6cm as in [6]. The Open-MHD code base uses the Godunov method and HLLD

flux solver to solve for the spatial variation of the MHD equations. The time step

method is the TVD second order Runge-Kutta method as described above. The slope

limiter is chosen as the minmod limiter as well.
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IV. Results and Analysis

4.1 Steady State Simulations

In order to get a basic idea of the expected behavior of the MPD thruster the

steady state solution outlined in Chapter 2 will be investigated. For these simulations

the initial plasma pressure will be fixed at 104Pa. This was done in an attempt to

boost the acceleration of the plasma through the MPD channel. Initially, the plasma

number density is fixed at 1× 1020m−3. These studies will test four main areas that

effect the plasma acceleration: initial velocity, applied current, initial plasma pressure,

and plasma number density. The application of an applied solenoidal magnetic field

in the z-direction will not be tested in this steady state model for reasons outlined

in Chapter 2. Application of a solenoidal magnetic field will be tested in the time

dependent studies.

4.1.1 Current and Velocity Tests

For the first series of studies, the MPD thrusters will be analyzed in the steady

state limit as described in Chapter 2 and Chapter 3. This is done so as to investigate

the behavior of the MPD thrusters in the regime long after any time dependent effects

are present and can effect the thrust.

For the first test the initial velocity of the plasma is set to 1000m/s and there is

an applied current of 1000A.
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Figure 15: Steady state MPD thruster with J = 1000A and u0 = 1000m/s.

Figure 15 shows the behavior of the low power MPD thruster. This figure shows

that in the steady state limit the acceleration achieved by the plasma is minimal, only

achieving a 10m/s velocity boost. This is much too small to be of use for a plasma

accelerator; however, Figure 15 also shows that the density of plasma decays by a very

small amount, showing that there is little change in the shape of the plasma plume.

The remainder of the studies with different applied current and initial velocities are

given in Appendix A, Section A.1.1.

It is clear from these observations, including those in the appendix, that in the
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steady state limit, a high current and high initial velocity is required for any mean-

ingful acceleration to occur. This is important for the operation of a long duration

MPD thruster such as those used in deep space missions. For heavy ion drivers, the

steady state regime is clearly to be avoided; but, we can still extract some trends

from the steady state models that can be useful for heavy ion driver operation.

4.1.1.1 Summary of the Current and Velocity Tests

Figure 16 shows the summary of the results for the steady state applied current

and velocity tests.

Figure 16: Summary of the results for the steady state applied current and velocity

tests.
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From Figure 16 it is clear that current has a positive effect on the plasma acceler-

ation in the steady state limit. The higher the applied current, the greater the final

velocity, as discussed earlier. Figure 16 also shows that an initial velocity of 1000m/s

only results in a minimal plasma acceleration in the steady state limit, whereas an ini-

tial velocity of 2000m/s results in a sizeable acceleration. Figure 16 also demonstrates

that in the steady state limit, the plasma does not receive a significant acceleration

until a current of at least 3000A is applied to the MPD. From this it is deduced that

an MPD operating in the steady state limit must have a large applied current in order

to operate as an effective thruster or plasma accelerator. Therefore, a steady state

MPD thruster is a poor choice for a heavy ion plasma driver.

4.1.2 Pressure Tests

In this study, the effect of increasing the initial pressure of the plasma will be

examined. Specifically, the pressure will be raised to the value of 105Pa. It is of

interest for PJMIF heavy ion drivers to keep the applied power of the MPD as low

as possible, thereby limiting the amount of energy required to accelerate the plasma,

leading us to examine low power MPD thrusters.

The first test will be of the 1000A MPD thruster with an initial velocity of

1000m/s.
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Figure 17: Steady state MPD thruster with J = 1000A, u0 = 1000m/s, and p0 =

105Pa.

Figure 17 shows that the higher pressure decreases the acceleration significantly.

Specifically, the plasma velocity is only increased by 1m/s. This amount of acceler-

ation is incredibly poor and of no use to a heavy ion driver. It is also worth noting

that the plasma expands away from the z-axis at rate similar to that of the previous

1000A cases. With a higher initial pressure, the assumption is the plasma would

expand at a higher rate; though, it is possible that this current is too low to test this

assumption. Additional results are shown in Appendix A, Section A.1.2.
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4.1.2.1 Summary of the Pressure Tests

Figure 18 shows the summary of the results for the steady state initial plasma

pressure tests.

Figure 18: Summary of the results for the steady state initial plasma pressure tests.

Figure 18 demonstrates that at a pressure greater than 104Pa, specifically 105Pa,

the plasma acceleration is minimal. The initial pressure of 105Pa results in a velocity

gain of only 35.5m/s, where the pressure of 104Pa results in a velocity gain of 685m/s.

This demonstrates that in the steady state limit, pressures above 104Pa show minimal

acceleration and a steady state MPD thruster operates more effectively when the

plasma is kept at a lower pressure.
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4.1.3 Number Density Tests

The last set of tests performed with the steady state model are those of the number

densities. The number density of the plasma has been kept at the value of 1020m−3

in the simulations previously discussed; values above this will be tested here. This

increase in density is required since the plasma for heavy ion drivers must be very

dense, as shown in Table 1.

First, a density of 1021m−3 will be tested. In the first test, the MPD will be given

an applied current of 2000A and an initial plasma velocity of 2000m/s.

Figure 19: Steady state MPD thruster with J = 2000A, u0 = 2000m/s, and n =

1021m−3.
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From Figure 19 it is seen that the plasma experiences a small acceleration, where

the plasma velocity is increased by 86m/s. This acceleration is again much too small

for any meaningful use. The plasma is once again shown to expand away from the z-

axis at rate similar to that of the previous cases. It is worth noting that the resistivity

is increased by an order of magnitude from the previous cases as well. This is expected,

as the greater the number density, the greater the number of self interactions within

the plasma. Additional results are shown in Appendix A, Section A.1.3.

4.1.3.1 Summary of the Number Density Tests

Figure 20 shows the summary of the results for the steady state plasma number

density tests.
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Figure 20: Summary of the results for the steady state plasma number density tests.

Figure 20 shows that a steady state MPD thruster can operate effectively with

plasma propellant composed of number densities of 1020m−3 and 1021m−3. However,

when a plasma propellant consisting of a number density of 1023m−3, the plasma is

decelerated in the MPD channel. The initial velocity of the plasma was 2000m/s

in these studies, so the plasma is injected with enough initial momentum to exit the

thruster; but, this does demonstrate that the plasma can become trapped in the MPD

channel if it does not have a significant amount of momentum when initially injected.

This is investigated in the time dependent studies.
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4.1.4 Limitations of Steady State Simulations

The full theory behind the 1D steady state model of the MPD thruster is provided

in Chapter 2. The first limitation of this model is that it is 1D. There are many

interactions along the x and y directions which are ignored in this model. Specifically,

this model considers a 1D flow of plasma, requiring that the plasma can only flow

in the z direction. In order to capture the x and y motion of the plasma, a full 3D

steady state model is required which is significantly more complicated and should

be the subject of future work. Secondly, this model is in the steady state regime;

therefore, many time-dependent interactions that are assumed to have been removed

from the plasma over time. This also means that the steady state regime does not

model the effects that would be seen in a heavy ion plasma driver, since plasma drivers

are pulsed systems that operate on a very short time scale. It does, however, provide

some guidance on what tests to conduct in the time dependent model.

4.2 Time Dependent Simulations

As stated in Chapter 2, the majority of MPD simulations occur at a fixed initial

temperature that is either at or below the temperature of ionization. This usually

corresponds to a temperature of around 1eV . For these simulations however, it is

the initial plasma pressure that will be fixed; specifically at 104Pa. This was done in

an attempt to boost the acceleration of the plasma through the MPD channel. The

initial velocity is also fixed at 100m/s. Initially the number density of the plasma is

set to 2 × 1020m−3, although varying this will be the subject of a later study. The

plasma is assumed to be a xenon plasma, with an atomic mass of 2.18×10−25kg. The

pressure of the MPD chamber is initially kept at 1Pa. This was chosen since it is the

lowest pressure the numerical method could handle.

Before reviewing the results of these studies, a brief note on the organization of the
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figures is necessary. Each figure presents six snapshots of the plasma motion through

the MPD chamber at a given time. The simulation was run on a time domain from

0s to 3.6× 10−7s. The upper left figure is the given plasma parameter at the initial

time of t = 0s, the upper middle figure is the given plasma parameter at a time of

t = 1.2 × 10−7s, the upper right figure is the given plasma parameter at a time of

t = 1.8 × 10−7s, the bottom left figure is the given plasma parameter at a time of

t = 2.4 × 10−7s, the middle left figure is the given plasma parameter at a time of

t = 3.0 × 10−7s, and the bottom left figure is the given plasma parameter at a time

of t = 3.6 × 10−7s. The significant results of these studies are summarized in the

summary sections after each of the studies.

4.2.1 Vacuum Density Studies

As stated in Chapter 3, these studies were carried out using a Godunov based

MHD solver. One of the most significant limitations of this method is that it cannot

properly model a true vacuum. There must be a density of plasma present everywhere

within the simulation domain. This is significant because laboratory vacuum systems

produce vacuum densities within the vacuum chamber several orders of magnitude

lower than this simulation can handle. Also, laboratory MPD vacuum chambers

do not contain a density of plasma within the MPD chamber before the plasma is

injected. As a result, it is necessary to analyze the effect that this vacuum plasma

density has on the simulations. The results of this study are presented here.

The first density examined is a vacuum density set to 10−3 times that of the initial

plasma density.
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Figure 21: Evolution of the plasma resistivity along the MPD for a vacuum density

10−3 that of the plasma density. The upper left figure is at the initial time of t = 0s,

the upper middle figure is at a time of t = 1.2 × 10−7s, the upper right figure is at

a time of t = 1.8 × 10−7s, the bottom left figure is at a time of t = 2.4 × 10−7s, the

middle left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a

time of t = 3.6× 10−7s.
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Figure 22: Evolution of the plasma density along the MPD for a vacuum density 10−3

that of the plasma density. The upper left figure is at the initial time of t = 0s, the

upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure is at a time

of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.
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Figure 23: Evolution of the axial velocity for a vacuum density 10−3 that of the plasma

density. The upper left figure is at the initial time of t = 0s, the upper middle figure

is at a time of t = 1.2× 10−7s, the upper right figure is at a time of t = 1.8× 10−7s,

the bottom left figure is at a time of t = 2.4 × 10−7s, the middle left figure is at a

time of t = 3.0× 10−7s, and the bottom left figure is at a time of t = 3.6× 10−7s.

In Figure 21 the resistivity along the z-axis of the MPD is shown. Since the

vacuum density is a noticeable fraction of the plasma density, there is a significant

effect on the acceleration and flow of the plasma through the MPD channel. This

is reflected in Figure 22, where a slow decay of the plasma is observed along the

z-axis in the channel at the inlet region causing the plasma to accelerate more slowly.
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Figure 23 shows the z velocity of the plasma column along the MPD channel. The

instabilities in the z velocity show that the vacuum plasma density has a significant

effect on the plasma injected into the MPD chamber. These instabilities are observed

as the small oscillations in the z velocity along the thruster channel, as well as the

shear drop in the z velocity in the last figure. The remainder of the studies can be

found in Appendix A, Section A.2.1.

From these data sets, as well as those found in the appendix, it is observed that

once the vacuum density reaches the level of 10−5 and/or 10−6 of the initial plasma

density, the effect that the vacuum plasma density has on the motion of the injected

plasma is minimal. The injected plasma experiences a very low amount of resistivity

beyond the inlet region due to the rapid expansion of the plasma density away from the

z axis of the MPD thruster. The oscillations in the z velocity along the MPD channel

are seen to rapidly dissipate when the vacuum density is decreased to the level of

10−5 and/or 10−6 of the initial plasma density. Thus, affirming that at these vacuum

plasma densities, the motion of the injected plasma is relatively unaffected by the

vacuum plasma density. Therefore, in this thesis the vacuum shall be approximated

as a plasma of a density 10−5 of the initial density of the injected plasma.

The trade off for a higher acceleration is faster expansion away from the the

z-axis. For the beam to be effective in a PJMIF experiment, the beam must be

tightly compressed. Future work into the simulation of MPD thrusters should focus

on maximizing the acceleration while simultaneously minimizing the expansion of the

plasma beam within the MPD channel and within the plume of plasma produced

outside the MPD thruster. This work should be conducted with higher order codes

such as particle in cell (PIC) or full kinetic theory methods in order to fully capture

the particle motion within the thruster and plume.
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4.2.2 Summary of the Vacuum Density Studies

Figure 24 shows the summary of the results for the vacuum plasma density resis-

tivity study. In the figure, the x-axis is labeled as the vacuum density multiplication

factor. This corresponds to the factor multiplied to the injected plasma density (10−3,

10−4, 10−5, and 10−6).

Figure 24: Summary of the Results for the Vacuum Plasma Density Resistivity Study

Figure 24 shows that the general trend of the reduced vacuum density is to reduce

the plasma resistivity within the MPD chamber. It is worth noting that the plasma

vacuum density of 10−3 times that of the injected plasma has a low final resistivty

within the chamber in these studies. However, Figure 21 shows that the initial plasma
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resitivity caused by this vacuum density is an order of magnitude greater than the

other vacuum density resistivity studies, only decaying to this low value near the

final simulation time. Although, all the vacuum density values show final values of

the resistivity on the order of 10−17Ω − cm, only the vacuum density of 10−3 times

that of the injected plasma density reaches values on the order of 10−16Ω− cm.

Figure 25 shows the summary of the results for the study of the plasma density

expansion for varying vacuum plasma densities. The y-axis of this figure is labeled

as the plasma density decay distance. This corresponds to the distance within the

MPD chamber at which the plasma density reaches a minimized value. This can be

identified from the plasma density figures as the point where the plasma density first

reaches a value near zero on the plots.
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Figure 25: Summary of the results for the study of the plasma density expansion for

the vacuum plasma densities.

Figure 25 shows that the result of the decrease in vacuum plasma density is the

increase in the expansion of the plasma away from the z-axis. The lower the vacuum

plasma density, the shorter the plasma density decay distance. Therefore, the trade off

for the decrease in vacuum plasma density is the increase in plasma expansion. Since

the plasma beams for heavy ion drivers must remain compact in order to effectively

function as a spherical liner for target implosion, the results of this study show that

the plasma accelerated within an MPD thruster may expand too rapidly within the

chamber to be used in a heavy ion driver. 2D studies are required to make a final

decision from these results as the effect of the reflective MPD thruster walls is not
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included in 1D studies and this may play a major role in curbing the plasma expansion

rate.

Figure 26 shows the summary of the results for the study of the final z-axis plasma

velocity for varying vacuum plasma densities.

Figure 26: Summary of the results for the study of the plasma density expansion for

the vacuum plasma densities.

Figure 26 shows that the decrease in vacuum plasma density results in the increase

of the z-axis velocity attained by the plasma. Figure 25 also demonstrates that

once the vacuum plasma density reaches a multiplication factor of 10−5 or 10−6, the

z-axis plasma velocity plateaus at a value of 4.2 × 104m/s. Therefore a vacuum

plasma density of 10−5 or 10−6 times that of the injected plasma density provides
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a good simulation of the vacuum for this solver. However, when tested at applied

currents of 3000A and 4000A, the vacuum density of 10−6 times that of the injected

plasma density induced numerical instabilities in the calculated plasma energy density.

Therefore a vacuum plasma density of 10−5 times that of the injected plasma density

was chosen for the following studies.

4.2.3 Applied Current Studies

This study will examine the effect of applied MPD currents. As stated in Chapter

2, the magnetic field of an MPD thruster is given by equation (5) for r > rc. The

expected result is that a higher applied current will results in higher acceleration.

This has been both predicted and observed in previous studies, where the plasma has

been initially kept at relatively low pressures. In this study however, the plasma is

initially kept at a high pressure and this hypothesis will be tested.

Four currents will be tested: 1000A, 2000A, 3000A, and 4000A. These currents

were chosen from the MPDs tested in [6]. The goal of a heavy ion plasma accelerator

is to achieve the maximum velocity with the smallest amount of applied power as

possible. Therefore, it is of interest to test MPD thrusters with as little applied current

as possible. There will be no applied solenoidal magnetic field in the ẑ direction. This

will be examined in the Section 4.2.4.

For the first test a current of 1000A is applied to the MPD thruster with a vacuum

density of 10−5 of the initial plasma density.
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Figure 27: Evolution of the plasma density for J = 1000A and vacuum density 10−5

that of the plasma density. The upper left figure is at the initial time of t = 0s, the

upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure is at a time

of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.
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Figure 28: Evolution of the axial velocity for J = 1000A and vacuum density 10−5

that of the plasma density. The upper left figure is at the initial time of t = 0s, the

upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure is at a time

of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.

Figure 27 shows that the plasma expands rapidly away from the z-axis, as ex-

pected. Figure 28 shows that a final velocity of 4.2 ∗ 104m/s is achieved at the end

of the MPD channel. This is an incredible acceleration of the plasma. From previous

references, speeds on the order of 1 − 4km/s are predicted where here the velocity
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reached is predicted to be 42km/s. This increase in velocity is substantial, yet may

be due in large part to hydrodynamic expansion and acceleration. The plasma that

has just been injected into the MPD thruster experiences a force applied to it by the

plasma being injected into the thruster behind it, like a piston driving the gas ahead

of it. Since the gas being injected is kept at a pressure much greater than that of the

vacuum pressure, the pressure gradient produces a high initial acceleration in the gas

causing the piston affect to greatly increase the plasma acceleration within the MPD

channel. Additional results are shown in Appendix A, Section A.2.2.

4.2.3.1 Summary of Applied Current Studies

Figure 29 shows the effect of the applied MPD current on the expansion of the

plasma density.
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Figure 29: Summary of the effect of the applied MPD current on the expansion of

the plasma density.

Figure 29 shows that the greater the current applied to the MPD thruster, the

shorter the plasma density decay distance. Therefore, low-power MPD thrusters are

more desirable for heavy ion drivers since the plasma density expands away from the

z-axis over a greater distance within the MPD thruster. However, the plasma decay

distances shown in Figure 29 are on the order of a few cm. This is not ideal since

applying currents on the order of 1000A to a circuit only a few cm in distance can

cause short circuit discharges that can ruin the acceleration effects; especially when

the circuit is composed primarily of a fast moving ionized plasma, as is the case inside

an MPD thruster. 2D studies are again required to make a final decision regarding
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these results, as the effect of the reflective MPD thruster walls is not included in 1D

studies.

Figure 30 shows the effect of the applied MPD current on the z-axis velocity of

the plasma at the thruster outlet.

Figure 30: Summary of the effect of the applied MPD current on the axial velocity

of the plasma at the thruster outlet.

Figure 30 shows the interesting result that the higher the applied MPD current,

the lower the z-axis plasma velocity, at the thruster outlet. Since the plasma is

initially maintained at a high pressure, the primary mechanism of the plasma’s initial

acceleration is not electromagnetic, but actually hydrodynamic. The initial expansion

of the plasma into the vacuum chamber acts like a piston to the plasma injected in
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front, driving the plasma forward though hydrodynamic expansion and acceleration.

After the inlet region, however, the electromagnetic force exerted on the plasma

becomes dominant; and, as was seen in the steady state analysis, the higher applied

currents then accelerate the plasma out of the thruster before the plasma column can

feel the full effects of the force from the hydrodynamic expansion. Therefore, for a

high initial plasma pressure, low-power MPD thrusters appear to be more desirable.

2D studies are again required to make a final decision from these results, as the effect

of the reflective MPD thruster walls are not included in 1D studies and these walls

will most certainly effect the force from hydrodynamic expansion and acceleration.

This observation could also be the result of numerical instabilities resulting from the

limitations of the Godunov and HLLD solver.

4.2.4 Applied Magnetic Field Studies

As stated in Chapter 2, the effect of a constant solenoidal magnetic field in the

ẑ direction causes a swirling motion in the plasma. As a brief review, the solenoidal

magnetic field causes a force in the θ̂ direction given by equation (13). If the plasma

is assumed to rotate as a rigid body, this causes a rotation defined by the angular

velocity in equation (16). From this expression, it is clear that a higher applied

magnetic field (Bz) results in a larger angular velocity of the plasma and, therefore,

a larger rotational effect. A lower mass flow rate increases the angular velocity. This

effect is worth noting since this angular motion can be converted to axial motion by

diverging magnetic fields, such as those in a magnetic nozzle. The study of magnetic

nozzles is the subject of future work, but it is clear that swirling motion caused by

the application of solenoidal magnetic fields is of paramount importance to heavy ion

drivers and general plasma accelerators. For this study, four magnitudes of magnetic

fields are studied: 10mT , 20mT , 30mT , and 40mT .
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For the first test, a magnetic field of 10mT is applied to the MPD thruster.

Figure 31: Evolution of the X velocity for J = 1000A, Bapp = 10mT , and vacuum

density 10−5 that of the plasma density. The upper left figure is at the initial time of

t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure

is at a time of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s,

the middle left figure is at a time of t = 3.0× 10−7s, and the bottom left figure is at

a time of t = 3.6× 10−7s.
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Figure 32: Evolution of the Y velocity for J = 1000A, Bapp = 10mT , and vacuum

density 10−5 that of the plasma density. The upper left figure is at the initial time of

t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure

is at a time of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s,

the middle left figure is at a time of t = 3.0× 10−7s, and the bottom left figure is at

a time of t = 3.6× 10−7s.
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Figure 33: Evolution of the Z velocity for J = 1000A, Bapp = 10mT , and vacuum

density 10−5 that of the plasma density. The upper left figure is at the initial time of

t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure

is at a time of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s,

the middle left figure is at a time of t = 3.0× 10−7s, and the bottom left figure is at

a time of t = 3.6× 10−7s.

Figures 31 and 32 reveal the X and Y axis velocity evolution of the plasma column

along the thruster axis. From these figures the swirling effect is clearly demonstrated.

The X and Y velocities mirror each other, indicating the swirling motion of the

plasma along the thruster column. The magnitude of the acceleration in the X and Y
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directions is very high, reaching nearly 20km/s at the final time. Figure 33 shows the

Z velocity along the MPD thruster column. There is a decrease in the axial velocity

caused by the transfer of energy to the swirling motion. It is important to note that

if the applied magnetic field is too strong, too much energy will be taken from the

axial motion and the plasma will become trapped in the thruster chamber. However,

it is also worth noting that the plasma column gains a sizeable increase in the initial

acceleration of the plasma caused by the application of the solenoidal magnetic field.

This gives rise to the possibility of using a very short MPD thruster with an applied

magnetic field to further increase the axial acceleration. This will be the subject of

future work. Additional results are shown in Appendix A, Section A.2.3.

4.2.4.1 Summary of Applied Magnetic Field Studies

Figure 34 shows the summary of the effect of the applied solenoidal magnetic field

on the velocity of the plasma at the thruster outlet and the peak plasma velocity

within the MPD chamber for an applied MPD current of 1000A. Figures 35, 36, and

37 show the summary for the same study done with applied MPD currents of 2000A,

3000A, and 4000A, respectively. In the figures, the absolute value of the x-axis and

y-axis velocities are plotted. Since the x and y-axis velocities mirror each other due

to the swirling motion, they are plotted as one data set refered to as the x/y-axis

velocity.
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Figure 34: Summary of the effect of the applied solenoidal magnetic field on the

velocity of the plasma at the thruster outlet and the peak plasma velocity within the

MPD chamber for an applied MPD current of 1000A.
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Figure 35: Summary of the effect of the applied solenoidal magnetic field on the

velocity of the plasma at the thruster outlet and the peak plasma velocity within the

MPD chamber for an applied MPD current of 2000A.

85



www.manaraa.com

Figure 36: Summary of the effect of the applied solenoidal magnetic field on the

velocity of the plasma at the thruster outlet and the peak plasma velocity within the

MPD chamber for an applied MPD current of 3000A.
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Figure 37: Summary of the effect of the applied solenoidal magnetic field on the

velocity of the plasma at the thruster outlet and the peak plasma velocity within the

MPD chamber for an applied MPD current of 4000A.

From these figures several interesting observations can be made. First, the final z-

axis plasma velocity decrease is positively correlated with the increase in the final x/y-

axis velocity attained by the plasma. This is explained by the fact that in order for the

swirling motion to be generated within the plasma, energy from the axial motion of the

plasma must be transferred to the azimuthal motion of the plasma. This is seen in the

relation between the final z-axis plasma velocity and final x/y-axis velocity attained by

the plasma. Second, the peak z-axis velocity attained by the plasma within the MPD

thruster increases with applied magnetic field. The peak z-axis velocity is obtained
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near the inlet of the MPD thruster, implying that the applied solenoidal magnetic field

induces an additional axial force at the thruster inlet. It is worth noting that the peak

z-axis velocity obtained by the plasma decreases with increasing current. This can

again be explained through the effect of hydrodynamic expansion and acceleration.

Third, the peak x/y-axis velocity obtained by the plasma is shown to increase as

well. However, it is observed that the x/y-axis peak velocity is maximized by the

application of a solenoidal magnetic field in the range of 20mT − 30mT . This could

possibly be due to these magnetic fields being close to a harmonic generated within the

swirling motion, therefore increasing the peak x/y-axis velocity. This result requires

further testing by higher dimensional codes like PIC or full kinetic theory models in

order to capture the full particle motion in the swirling motion. The final result is

that the swirling motion is observed in the plasma motion as predicted in Chapter 2;

the full effects of which require 2D simulations of magnetic nozzles in order to fully

study since in 1D ∂Bz
∂z

= 0.

4.2.5 Number Density Studies

Table 1 shows a summary of the number densities required for PJMIF experiments.

For the previous tests, the number density of xenon atoms was kept at 2 × 1020m−3

which is equal to 2× 1014cm−3. This is one order of magnitude below that achieved

by coaxial gun accelerators. This was done because MPD thrusters are normally

operated at relatively low number densities. This study will investigate how the

MPD thrusters operate with high pressure and higher number densities.

First, let us examine what happens when the number density is increased by one

order of magnitude to 2 × 1021m−3 (2 × 1015cm−3). We shall examine the effect on

the MPD with 1000A of applied current and no applied magnetic field.
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Figure 38: Evolution of the Z velocity for J = 1000A with n = 2 × 1021m−3 and

vacuum density 10−5 that of the plasma density. The upper left figure is at the initial

time of t = 0s, the upper middle figure is at a time of t = 1.2 × 10−7s, the upper

right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a time of

t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the bottom

left figure is at a time of t = 3.6× 10−7s.
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Figure 39: Evolution of the plasma resistivity for J = 1000A with n = 2 × 1021m−3

and vacuum density 10−5 that of the plasma density. The upper left figure is at the

initial time of t = 0s, the upper middle figure is at a time of t = 1.2 × 10−7s, the

upper right figure is at a time of t = 1.8×10−7s, the bottom left figure is at a time of

t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the bottom

left figure is at a time of t = 3.6× 10−7s.

Figure 39 shows the resistivity of the plasma column along the MPD axis. In

comparison to Figure 56 in Appendix A, Section A.2.4 the resistivity is much higher,

a full order of magnitude higher in fact. This is due to the increased number of self

interactions within the plasma column from the higher number density. Figure 38
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shows the evolution of the Z velocity along the MPD channel. The acceleration is

still very high, but decreased significantly from the case with n = 2× 1020m−3. This

is important since it is the goal of a heavy ion driver to accelerate a high density

plasma as fast as possible. This alludes to the possibility of a limiting factor to the

MPD’s ability to accelerate dense plasmas.

From these studies, including those in the appendix, it is clear that for the low

current MPD operation, a density of n = 2 × 1022m−3 (n = 2 × 1016cm−3) is too

great for any meaningful acceleration to occur and therefore the plasma becomes

trapped. The implication being for low current MPD thrusters, a density of n = 2×

1022m−3 can be considered the maximum critical operating density for high pressure

operations. This is important since in Table 1 it was shown that the PLX experiment

and fusion reactor design require a plasma number density of at least 1017cm−3 and

1018cm−3, much higher than the maximum critical operating density of low powered

MPD thrusters. This implies that low power MPD thruster cannot function as a

PJMIF heavy ion driver since their maximum critical operating density is far too

low. Additional results are shown in Appendix A, Section A.2.4.

4.2.5.1 Summary of Number Density Studies

Figure 40 shows the summary of the effect of the plasma number density on the

peak resistivity value for both no applied magnetic field and an applied magnetic field

of 20mT . The peak resistivity values are summarized for each of the applied currents

used in this research.
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Figure 40: Summary of the effect of the plasma number density on the peak resistivity

value for both no applied magnetic field and an applied magnetic field of 20mT .

Figure 40 shows that the peak resistivity value for the number density of 2 ×

1021m−3 obtain values on the order of 10−16Ω− cm, a full order of magnitude above

the peak resistivity values resulting from the plasma number density of 2× 1020m−3.

Figure 40 also shows that the peak values of the resistivity for a number density of

2× 1022m−3 obtains values on the order of 10−15Ω− cm, two full orders of magnitude

above the values found in the studies using a plasma number density of 2× 1020m−3.

Therefore, Figure 40 demonstrates the expected result that increasing the number

density of the injected plasma increases the peak resistivity felt by the injected

plasma. It is worth mentioning that from the studies shown in the above sections,
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the peak values of the resitivity are obtained at the thruster inlet before decaying

rapidly. Therefore the increase in plasma number density increases the number of

self-interactions at the thruster inlet. The effect of this is summarized next.

Figure 41 and Figure 42 shows the summary of the effect of the plasma number

density on the final z-axis velocity at the thruster outlet for both no applied magnetic

field and an applied magnetic field of 20mT at each applied MPD current studied in

this thesis.

Figure 41: Summary of the effect of the plasma number density on the final z-axis

velocity at the thruster outlet for no applied magnetic field.

93



www.manaraa.com

Figure 42: Summary of the effect of the plasma number density on the final z-axis

velocity at the thruster outlet for an applied magnetic field of 20mT .

Figure 41 shows that with the application of a higher plasma number density, the

final z-axis velocity of the plasma at the thruster outlet decreases substantially. Fig-

ure 42 shows the same effect on the plasma with an applied magnetic field of 20mT .

It is worth noting the z-axis velocity is greater for the MPD with no applied magnetic

field due to the transfer of axial energy to swirling motion in the plasma. Both figures

show that for a plasma number density of 2 × 1022m−3, the final z-axis velocity is

0m/s. Therefore, the plasma has become trapped in the MPD thruster. This is ex-

plained from Figure 40, in which it was demonstrated that the higher number density

plasma induced a greater resistivity at the thruster inlet. The result of this is that a
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plasma number density of 2× 1022m−3 = 2× 1016cm−3 is too great for a low-powered

MPD thruster to effectively accelerate. Since the PLX experiment and PJMIF fusion

schemes require plasma number densities on the order of 1017cm−3 and 1018cm−3

respectively, low-powered MPD thrusters are therefore not capable of functioning as

heavy ion drivers for these devices. However, high-powered (applied currents on the

order of 10, 000A or higher) MPD thrusters could potentially accelerate plasmas of

the required number densities to the required velocities and future work should be

focused on the study of these MPD thrusters.

4.2.6 Summary of Long Run Time Studies

Figure 43 summarizes the final axial velocity achieved by the MPD for the currents

of 1kA, 2kA, 3kA, and 4kA with no applied magnetic field over a time range of 0s to

0.0011s.
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Figure 43: Summary of the evolution of the final axial velocity achieved by the MPD

over a range of 0s to 0.0011s with no applied magnetic field.

Figure 43 shows that after only a few microseconds, the velocity achieved by the

1kA MPD drops below the higher currents. This is expected as the steady state

simulations showed that a higher current should result in a greater achieved axial

velocity. After a time of 0.1ms, the axial velocity achieved by the 2kA MPD drops

below the higher currents as well; and after a time of 0.32ms the axial velocity

achieved by the 3kA MPD drops below that of the 4kA MPD. Therefore, after a

time of 0.32ms the expected result of a higher applied current giving rise to a greater

achieved axial velocity is observed. However, from Figure 43, it is also observed that

the MPD thrusters appear to approach a steady state velocity on the order of 15km/s.
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This is much greater than the velocities observed in the steady state simulations given

at the beginning of this chapter. There are several possible explanations for this.

First, the steady state simulations were run using a vastly over-simplified model for

the MPD thrusters where the currents were assumed to be entirely radial in direction

and there were no induced magnetic fields in the plasma other than the magnetic

field induced by the applied current density. This means that the velocities achieved

in those models are smaller than would be expected in a real world MPD thruster,

though they do give a lower bound on what should be expected from the MPD

thrusters. Secondly, it is possible that the axial velocities on the order of 15km/s

are quasi-steady state velocities, and that the thrusters have not yet reached their

steady state operational values since it was observed that the final axial velocity was

still decreasing at the time of 0.0011s. Third, this observation could be the result

of numerical instabilities within the code, as the final achieved axial velocities are

known to be over estimates due to the simplified models used in this research. This

is expanded on in the following section. It is clear, however, that these models do

produce the expected result of a higher applied current giving rise to greater achieved

axial velocity after a sufficient amount of time has elapsed.

4.2.7 Limitations of the Godunov Solver

As stated before there are several limitations of the Godunov solver. The first

limitation is that the method cannot handle a true vacuum. There must be a plasma

present everywhere in the solution domain. Therefore, there are interactions present

between the plasma injected into the MPD chamber and the plasma used to model

the vacuum density. This could potentially change the solution by a sizeable amount.

As previously stated, the code used for these studies was taken from the open source

Open-MHD code translated into Matlab. The translated code was extensively tested
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against the results from the Open-MHD website and was able to successfully repro-

duce these results. However, these simulations were of plasma interactions between

two different regions of plasma with similar densities and initial magnetic fields of

much less magnitude. It is possible that the simulations in this thesis have pushed

the code to or beyond the operational limits.

The second limitation is that this code uses the HLLD solver. This flux solver is

more robust than the HLL and HLLC solvers, however it still has limitations. First,

it does not consider the slow magnetosonic speeds in its solution of the Riemann

problem. This indicates that there are instabilities in the plasma that are possibly

not considered in the flux solver that could significantly affect the solution and plasma

evolution. Second, in the approximate solution of the Riemann problem it is assumed

that the normal velocity and total pressure are constant across the Riemann fan. This

assumption works well for regions of plasma with similar densities, but the possibility

exists in these simulations that since the two initial regions of plasma are very different

with regards to mass density, pressure, magnitude of the magnetic field, and initial

velocity that there are severe instabilities caused from the interactions of these two

regions which significantly affect the solution. Future studies of this are required to

test this solver for extreme conditions like those investigated in this thesis.

The third major limitation is that it only considers a single fluid MHD model;

thus, restricting the solution region to one type of plasma. There are effects such

as multi-fluid interactions that are necessary in the simulation of plasma drivers for

PJMIF that are missed in this code base.

A fourth limitation of this code is that it uses the ideal gas law as its equation of

state. Previous studies conducted on MPD thrusters were carried out with code bases

that utilized more robust equations of state and collision capturing methods such

as the viscous stress tensor. Numerous effects from the interactions of the plasma
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particles with the current from the cathode to the anode and self interactions are

missed by the assumption of an ideal gas law. Therefore, the final velocities achieved

in these simulations are an over estimate of the plasma velocity as collisions (beyond

that of basic resistivity) and viscous drag effects are ignored. It is also assumed that

the plasma enters the MPD channel fully ionized, which is not true in most real world

MPD thrusters. Since ionization effects are ignored in these simulations, this again

gives rise to an over estimate of the plasma velocities. These limitations were accepted

due to the fact that correcting for these limitations is a complicated process, requiring

the use of higher order codes that are beyond the scope of this master’s thesis.
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V. Conclusions

5.1 Significant Results of this Research

The significant outcomes of these studies are as follows. First, in the steady

state regime for initial velocities on the order of 1000m/s, a plasma density of n =

1×1023m−3 is the maximum critical operating density for low-powered MPD thrusters;

at higher densities the resistivity becomes too great and the plasma is decelerated

in the channel. Additionally, the time dependent simulations showed that when

considering initial velocities on the order of 100m/s, a plasma density of 2× 1022m−3

is the maximum critical operating density for low powered MPD thrusters. At this

density the plasma becomes trapped in the MPD chamber, rendering it useless for

plasma acceleration. This is significant since PJMIF schemes require a dense plasma

in order to function in the compression scheme.

The second significant outcome, resulting from the time dependent studies, is that

the swirling motion caused by an applied solenoidal magnetic field was observed and

found to be dependent on the strength of the applied magnetic field. As stated pre-

viously, this azimuthal motion can be converted into axial motion by the application

of diverging magnetic fields. Therefore, an increase in the swirling motion of the

plasma can lead to an increase in axial velocity of the plasma by application of a

magnetic nozzle. It was also observed that the application of the solenoidal magnetic

field increased the initial axial acceleration of the plasma column.

The third significant outcome was that the velocities achieved by the plasma

column were very high, on the order of 10km/s. These were much higher than in

previous studies, due in large part to the increased initial pressure of the injected

plasma. It was also observed that when a higher current was applied the plasma ve-

locity was reduced since the plasma column was accelerated out of the chamber before
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the plasma column could experience the full effect of the hydrodynamic expansion. It

is worth noting that when the number density of the plasma column was increased,

the achieved plasma velocity was severely reduced. This result shows that in order to

achieve high plasma accelerations with a high number density plasma, high powered

MPD thrusters must be used.

The conclusion of this thesis is that MPD thrusters show promise as a plasma

accelerator for heavy ions; but low powered MPD thrusters cannot be used for PJMIF

drivers, even with high initial plasma pressure, due to the maximum operational

number density being below the required plasma density for PJMIF studies. It is

however concerning that the plasma expands away from the z-axis at a very rapid

rate. This could prove to be very detrimental to the efforts of the PJMIF scheme

and should be limited as much as possible. It is the conclusion of the author that

these results should be taken with some suspicion since the accepted limitations give

an over estimate of the achieved plasma motion.

5.2 Future Work

Although this work has shown that MPD thrusters do show promise as heavy ion

plasma accelerators, there is still much work to be done. As stated, this research

uses simplified models in the analysis of the plasma physics. For future work it is

imperative that these assumptions be removed and more physically realistic models

be used, such as equations of state that include the effects of ionization. Several

studies like this have already been conducted such as in [41]. In [41], a characteristics-

based scheme was used to solve the solution of the ideal MHD equations for MPD

thrusters and heavy ion accelerators. It was shown that this has the ability to capture

time-dependent discontinuities and maintain force-free equilibrium. In [41] detailed

models of classical transport were used as well as real equations of state and multi-
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level ionization schemes. The code base used non-orthogonal meshes to better model

the realistic flow-field geometries. This work also included multi-temperature effects

for argon and lithium plasmas. With this code base, detailed models of gas-fed MPD

thrusters were obtained as well as models of lithium Lorentz force accelerators [41].

This work work is considered to be one of the benchmark works for multi-dimensional

modelling of MPD thrusters and is therefore the ideal place to start when building new

multi-dimensional MPD models. One such avenue of new research could be extending

this code base to handle the effects of both scalar and tensoral conductivity in the

solution of the MHD equations, as well as modelling the multi-temperature effects and

ionization schemes of xenon plasmas. It would also be of interest to replace the energy

density equation with an equation concerning the entropy density. This should be

done since the energy density equation is very inefficient at handling physical scenarios

that have very high magnetic energy densities such as those found in high powered

MPD thrusters or astrophysical models.

The steady state models should be investigated in the full 3D regime. This can

be done as in [42] with the use of the variational form of the steady state MHD

equations and flux surfaces with a finite element method. It is most important,

however, that the time dependent MPD thrusters be investigated with higher order

numerical methods; such as Particle in Cell (PIC) or full kinetic theory codes like

Discontinuous Galerkin methods [24]. This should be the primary focus of future

work on this topic as it is the belief of this author that the Godunov method used

in this analysis cannot support the more detailed investigation that is required for

future work. It is also the belief of the author that these efforts should focus on the

investigation of advanced kinetic theory methods as it is imperative that these types of

models be used to investigate the plasma compression at a detailed level. This should

be done so as to engineer a method of plasma beam compression that can create
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the necessary conditions for effective target compression. A steady state analysis of

beam compression was attempted for this thesis, but the results were inconclusive

and require a more detailed analysis before final results can be demonstrated.
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Appendix A. Additional Results

A.1 Additional Steady State Results

A.1.1 Additional Current and Velocity Studies

A current of 2000A was applied to the MPD.

Figure 44: Steady State MPD Thruster with J = 2000A and u0 = 1000m/s

Figure 44 shows that the plasma achieves a higher acceleration, but the final

velocity is still much too small to be of use for heavy ion drivers. It is also worth

noting that the linear density expands away from the z-axis more rapidly, but the
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expansion is still quite small. In order to achieve a high acceleration in the steady

state limit, a high current must be applied to the MPD thruster; but, this will cause

the plasma to expand away from the z-axis more rapidly. To test this theory, a current

of 6000A is applied to the MPD.

Figure 45: Steady State MPD Thruster with J = 6000A and u0 = 1000m/s

Figure 45 demonstrates that the plasma now achieves a much higher acceleration,

with a final velocity 700m/s greater than the initial velocity. However, this is still a

relatively small acceleration when compared to what is needed for a heavy ion driver.

It also shows that the density now expands away from the z-axis more rapidly than in
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the previous cases, but remains on the same order of magnitude as the initial plasma

density. This affirms that in the lower power limit of the steady state regime, the

plasma expansion remains minimal. An important property for heavy ion drivers, the

expansion should remain at a minimal level to provide the force necessary to compress

the target; but this acceleration is still too small for the initial stage of the driver for

PJMIF experiments.

Next, the current will be returned to 1000A, with the initial velocity set to

2000m/s.

Figure 46: Steady State MPD Thruster with J = 1000A and u0 = 2000m/s
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Figure 46 shows the acceleration achieved by the plasma is slightly greater than

the previous case, but the acceleration is still much too small to be of use. The

plasma expands away from the z-axis with little change from the previous case. It is

worth noting that the resistivity is slightly smaller than in the previous case. This is

important since the plasma will have a greater final velocity if the resistivity felt by

the plasma is minimized.

Next, the current will be set to 6000A and the initial velocity will remain 2000m/s.

Figure 47: Steady State MPD Thruster with J = 6000A and u0 = 2000m/s

Figure 47 demonstrates that the current of 6000A has increased the acceleration of

107



www.manaraa.com

the plasma, specifically it has accelerated the plasma resulting in a velocity increase

of 1400m/s. This is a great improvement over the previous cases with both lower

current and the same applied current, but with an initial velocity of 1000m/s. This

predicts that in the steady state limit, higher currents give rise to higher accelerations.

However, the acceleration shown here is still too small for a heavy ion plasma driver’s

initial stage. It is also worth noting that the plasma expands away from the z-axis at

a higher rate, which is reflected in the resistivity reaching a lower value than in the

previous cases.

A.1.2 Additional Pressure Studies

The current is raised to 2000A and the initial velocity is kept at 1000m/s.
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Figure 48: Steady State MPD Thruster with J = 2000A, u0 = 1000m/s, and p0 =

105Pa

Figure 48 shows that the plasma acceleration is again slowed substantially; specif-

ically, the plasma velocity is only increased by 4m/s. This is again incredibly poor

and of no use for a heavy ion driver. The plasma density also shows that the plasma

expands away from the z-axis at approximately the same rate. It appears that at

pressures beyond 104Pa in the steady state limit. Even when the current is raised

by 1000A, the plasma velocity and expansion remain relatively constant. To test this

the current is raised to 6000A.
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Figure 49: Steady State MPD Thruster with J = 6000A, u0 = 1000m/s, and p0 =

105Pa

Figure 49 demonstrates that the plasma velocity is increased only by 40m/s. This

is again much too small for any plasma driver. The plasma density also shows that

the plasma expands away from the z-axis at a rate nearly identical to the previous

cases. This confirms that at pressures higher than 104Pa and low initial velocity

the plasma expansion rate and acceleration remain approximately constant when

comparing differing applied currents.
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A.1.3 Additional Number Density Studies

The plasma density of 1022m−3 is studied.

Figure 50: Steady State MPD Thruster with J = 2000A, u0 = 2000m/s, and n =

1022m−3

Figure 50 shows that the plasma velocity receives a sizeable acceleration, where

the final velocity is increased 225m/s. This is a surprising result as the resistivity

has increased by a full order of magnitude. From this it can be hypothesized that in

the steady state limit, the increased number of interactions has actually amplified the

acceleration mechanism along the MPD channel. This could potentially be utilized
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in steady state scenarios to possibly provide for greater thrust. It is also possible that

there are numerical instabilities causing this as well. These will be discussed in the

following sub-section.

Next, the plasma density of 1023m−3 is tested with the same MPD thruster.

Figure 51: Steady State MPD Thruster with J = 2000A, u0 = 2000m/s, and n =

1023m−3

Figure 51 shows that the plasma velocity has decreased along the MPD channel.

This is related to the full order of magnitude increase in resistivity when compared

to the previous case with a plasma density of 1022m−3. Clearly this resistivity is too

great for the initial plasma injection and causes the plasma to decelerate. This alludes
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to the possibility of n = 1023m−3 being a critical number density in the steady state

regime. To test this, a current of 6000A is applied to the MPD thruster along with

the initial velocity being increased to 2000m/s in order to observe the MPD operating

with both a higher applied current and initial velocity.

Figure 52: Steady State MPD Thruster with J = 6000A, u0 = 2000m/s, and n =

1023m−3

Figure 52 shows the plasma velocity decreasing along the MPD channel for this

scenario as well. From this it can be deduced that for low power, steady state MPD

thrusters, n = 1023m−3 is the maximum critical operating number density; at which

the resistivity becomes too great for the thruster to overcome and the plasma is
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reduced in velocity. This proves that if the initial plasma velocity is too small, the

plasma will become trapped in the MPD thruster. This will be investigated in the

time dependent studies.

A.2 Additional Time-Dependent Results

A.2.1 Additional Vacuum Density Studies

A vacuum density of 10−4 that of the initial plasma density is examined.
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Figure 53: Evolution of the plasma resistivity for a vacuum density 10−4 that of the

plasma density. The upper left figure is at the initial time of t = 0s, the upper

middle figure is at a time of t = 1.2 × 10−7s, the upper right figure is at a time of

t = 1.8 × 10−7s, the bottom left figure is at a time of t = 2.4 × 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.
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Figure 54: Evolution of the plasma density for a vacuum density 10−4 that of the

plasma density. The upper left figure is at the initial time of t = 0s, the upper

middle figure is at a time of t = 1.2 × 10−7s, the upper right figure is at a time of

t = 1.8 × 10−7s, the bottom left figure is at a time of t = 2.4 × 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.
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Figure 55: Evolution of the axial velocity for a vacuum density 10−4 that of the plasma

density. The upper left figure is at the initial time of t = 0s, the upper middle figure

is at a time of t = 1.2× 10−7s, the upper right figure is at a time of t = 1.8× 10−7s,

the bottom left figure is at a time of t = 2.4 × 10−7s, the middle left figure is at a

time of t = 3.0× 10−7s, and the bottom left figure is at a time of t = 3.6× 10−7s.

In Figure 53 the resistivity along the z-axis of the MPD is shown. In comparison

with Figure 21, it shows that the resistivity is confined to the inlet region where the

initial plasma expansion is most extreme. This is reflected in Figure 54, where the

the plasma density declines more smoothly and more rapidly along the z-axis of the

channel. In comparing Figure 55 and Figure 23 the effect that the vacuum plasma
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density has on the injected plasma is shown to be that a larger velocity is obtained

with the smaller vacuum density. It is also observed that the plasma exhibits fewer

oscillations in the z velocity along the MPD channel, affirming that the lower vacuum

plasma density has a smaller effect on the injected plasma motion.

Next, a vacuum density of 10−5 that of the initial plasma density is examined.
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Figure 56: Evolution of the plasma resistivity for a vacuum density 10−5 that of the

plasma density. The upper left figure is at the initial time of t = 0s, the upper

middle figure is at a time of t = 1.2 × 10−7s, the upper right figure is at a time of

t = 1.8 × 10−7s, the bottom left figure is at a time of t = 2.4 × 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.
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Figure 57: Evolution of the plasma density for a vacuum density 10−5 that of the

plasma density. The upper left figure is at the initial time of t = 0s, the upper

middle figure is at a time of t = 1.2 × 10−7s, the upper right figure is at a time of

t = 1.8 × 10−7s, the bottom left figure is at a time of t = 2.4 × 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.
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Figure 58: Evolution of the axial velocity for a vacuum density 10−5 that of the plasma

density. The upper left figure is at the initial time of t = 0s, the upper middle figure

is at a time of t = 1.2× 10−7s, the upper right figure is at a time of t = 1.8× 10−7s,

the bottom left figure is at a time of t = 2.4 × 10−7s, the middle left figure is at a

time of t = 3.0× 10−7s, and the bottom left figure is at a time of t = 3.6× 10−7s.

In Figure 56 the resistivity along the z-axis of the MPD is shown. The resistivity

reaches a smaller value with a vacuum density of 10−5 times the initial density of

injected plasma when compared to the other vacuum densities. This is reflected in

Figure 57 which shows that the plasma expands away from the z-axis much more

rapidly with the decrease in the vacuum density. Figure 58, however, shows that the
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velocity along the z-axis of the channel reaches a value similar to Figure 55. Figure

58 also demonstrates that with a lower vacuum density, almost no oscillations are

seen in the z velocity of the plasma along the MPD channel.

Next, a vacuum density of 10−6 that of the initial plasma density is examined.

Figure 59: Evolution of the plasma resistivity for a vacuum density 10−6 that of the

plasma density. The upper left figure is at the initial time of t = 0s, the upper

middle figure is at a time of t = 1.2 × 10−7s, the upper right figure is at a time of

t = 1.8 × 10−7s, the bottom left figure is at a time of t = 2.4 × 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.
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Figure 60: Evolution of the plasma density for a vacuum density 10−6 that of the

plasma density. The upper left figure is at the initial time of t = 0s, the upper

middle figure is at a time of t = 1.2 × 10−7s, the upper right figure is at a time of

t = 1.8 × 10−7s, the bottom left figure is at a time of t = 2.4 × 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.
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Figure 61: Evolution of the axial velocity for a vacuum density 10−6 that of the plasma

density. The upper left figure is at the initial time of t = 0s, the upper middle figure

is at a time of t = 1.2× 10−7s, the upper right figure is at a time of t = 1.8× 10−7s,

the bottom left figure is at a time of t = 2.4 × 10−7s, the middle left figure is at a

time of t = 3.0× 10−7s, and the bottom left figure is at a time of t = 3.6× 10−7s.

In Figure 59 the resistivity along the z-axis of the MPD is shown, where the

resistivity reaches a smaller value. This is reflected in Figure 60 where the plasma

expansion is shown to be more rapid with the decreased vacuum density. However,

Figure 61 shows the velocity along the z-axis reaches the same value as the vacuum

density of the previous case. Figure 61 also shows that the z velocity experiences
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almost no oscillations along the MPD channel, just as observed in the 10−5 case as

well.

A.2.2 Additional Applied Current Studies

A current of 2000A is applied to the MPD thruster with a vacuum density of 10−5

that of the initial plasma density.
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Figure 62: Evolution of the plasma density for J = 2000A and vacuum density 10−5

that of the plasma density. The upper left figure is at the initial time of t = 0s, the

upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure is at a time

of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.
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Figure 63: Evolution of the axial velocity for J = 2000A and vacuum density 10−5

that of the plasma density. The upper left figure is at the initial time of t = 0s, the

upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure is at a time

of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.

Figure 62 shows that the plasma expands rapidly away from the z-axis, as ex-

pected. Figure 63 shows that a final velocity of 3.2 ∗ 104m/s is achieved at the end of

the MPD channel. This acceleration is still substantial, but has decreased by 10km/s

from the 1000A case. This is a peculiar result, because as previously stated it is
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expected that a higher current should translate to higher final velocity. It is the

belief of the author that there are two main contributing factors to this outcome.

First, the density decreases at a slightly slower rate than the 1000A case. This would

cause an increase in the number of self interactions at the inlet surface, which causes

extraneous acceleration effects. Second, and much more substantial, we could in fact

be seeing an increase in acceleration of the plasma, but this decreases the effect of

the hydrodynamic expansion and acceleration. Since a lower current implies a lower

initial acceleration, the plasma has a longer time to spend inside the plasma chamber

where it is further accelerated by the plasma column with a large number density

moving from a very high pressure environment to a low pressure environment. The

higher current would give the plasma column a higher initial acceleration, thus it

would have less time to experience the effects of the hydrodynamic expansion and

acceleration. This possibly implies a method of creating very high powered MPD

thrusters with very low applied current. It is also possible that these substantial

accelerations are caused by numerical instabilities. This will be discussed in a later

section. It is also possible that there are effects that are not being captured in 1D

that would be captured in 2D or 3D simulations, which are the subject of future work.

Next, a current of 3000A is applied to the MPD thruster with a vacuum density

of 10−5 that of the initial plasma density.
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Figure 64: Evolution of the plasma density for J = 3000A and vacuum density 10−5

that of the plasma density. The upper left figure is at the initial time of t = 0s, the

upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure is at a time

of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.
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Figure 65: Evolution of the axial velocity for J = 3000A and vacuum density 10−5

that of the plasma density. The upper left figure is at the initial time of t = 0s, the

upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure is at a time

of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.

Figure 64 shows that the plasma expands rapidly away from the z-axis, as ex-

pected. From Figure 65 it is seen that a final velocity of 2.6 ∗ 104m/s is achieved at

the end of the MPD channel. Once again there is a substantial acceleration, yet the

final velocity is decreased when compared to the lower current cases.
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Next, a current of 4000A is applied to the MPD thruster with a vacuum density

of 10−5 that of the initial plasma density.

Figure 66: Evolution of the plasma density for J = 4000A and vacuum density 10−5

that of the plasma density. The upper left figure is at the initial time of t = 0s, the

upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure is at a time

of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.
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Figure 67: Evolution of the axial velocity for J = 4000A and vacuum density 10−5

that of the plasma density. The upper left figure is at the initial time of t = 0s, the

upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure is at a time

of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s, the middle

left figure is at a time of t = 3.0 × 10−7s, and the bottom left figure is at a time of

t = 3.6× 10−7s.

Figure 66 shows the plasma expands rapidly away from the z-axis at a similar rate

to that of the 3000A case. In Figure 67 a final velocity of 2.01∗104m/s is achieved at

the end of the MPD channel. Once again there is a substantial acceleration, yet the

final velocity is decreased from the lower current cases. This observation is predicted
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if the dominant acceleration mechanism is hydrodynamic expansion and acceleration,

as previously described.

A.2.3 Additional Applied Magnetic Field Studies

We will examine the effect of an applied 10mT field on the MPD with a 2000A

current.
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Figure 68: Evolution of the X velocity for J = 2000A, Bapp = 10mT , and vacuum

density 10−5 that of the plasma density. The upper left figure is at the initial time of

t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure

is at a time of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s,

the middle left figure is at a time of t = 3.0× 10−7s, and the bottom left figure is at

a time of t = 3.6× 10−7s.
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Figure 69: Evolution of the Y velocity for J = 2000A, Bapp = 10mT , and vacuum

density 10−5 that of the plasma density. The upper left figure is at the initial time of

t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure

is at a time of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s,

the middle left figure is at a time of t = 3.0× 10−7s, and the bottom left figure is at

a time of t = 3.6× 10−7s.
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Figure 70: Evolution of the Z velocity for J = 2000A, Bapp = 10mT , and vacuum

density 10−5 that of the plasma density. The upper left figure is at the initial time of

t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure

is at a time of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s,

the middle left figure is at a time of t = 3.0× 10−7s, and the bottom left figure is at

a time of t = 3.6× 10−7s.

Figures 68 and 69 show the X and Y axis velocity evolution of the plasma column

along the thruster axis. Just as in the previous case, the swirling motion is observed

in the mirrored X and Y velocities. Here the magnitude of the X and Y velocities is

still high, but lower than previously. This is reflected in Figure 70 which shows the Z
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velocity along the MPD column. The Z velocity still exhibits a high final velocity of

26km/s, but since the plasma column was accelerated out of the thruster in a shorter

amount of time than in the 1000A case without an applied field, there was less time

within the plasma column to transfer energy to the swirling motion.

Now, let’s examine the effect of an applied field of 20mT on the MPD with a

current of 1000A.
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Figure 71: Evolution of the X velocity for J = 1000A, Bapp = 20mT , and vacuum

density 10−5 that of the plasma density. The upper left figure is at the initial time of

t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure

is at a time of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s,

the middle left figure is at a time of t = 3.0× 10−7s, and the bottom left figure is at

a time of t = 3.6× 10−7s.
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Figure 72: Evolution of the Y Velocity for J = 1000A, Bapp = 20mT , and vacuum

density 10−5 that of the plasma density. The upper left figure is at the initial time of

t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure

is at a time of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s,

the middle left figure is at a time of t = 3.0× 10−7s, and the bottom left figure is at

a time of t = 3.6× 10−7s.
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Figure 73: Evolution of the Z velocity for J = 1000A, Bapp = 20mT , and vacuum

density 10−5 that of the plasma density. The upper left figure is at the initial time of

t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure

is at a time of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s,

the middle left figure is at a time of t = 3.0× 10−7s, and the bottom left figure is at

a time of t = 3.6× 10−7s.

Figures 71 and 72 show the X and Y axis velocity evolution of the plasma column

along the thruster axis. As expected they mirror one another, indicating a swirling

motion. Figure 73 shows the evolution of the Z velocity along the thruster chamber.

The initial acceleration gained by the plasma is high, however the final velocity is lower
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than in the previous case. This is caused by the increase in the applied magnetic field.

As demonstrated in equation (16), the angular velocity of the swirling plasma column

is directly proportional to the applied magnetic field strength; therefore increasing

the applied magnetic field, will increase the swirling motion and take more energy

away from the axial motion.

It is important to note that if the applied magnetic field is too strong, too much

energy will be taken from the axial motion and the plasma will become trapped in the

thruster chamber. This demonstrated by comparing the MPD thrusters with 1000A

and 4000A, both with applied magnetic field of 30mT .
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Figure 74: Evolution of the Z velocity for J = 4000A with Bapp = 30mT and vacuum

density 10−5 that of the plasma density. The upper left figure is at the initial time of

t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure

is at a time of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s,

the middle left figure is at a time of t = 3.0× 10−7s, and the bottom left figure is at

a time of t = 3.6× 10−7s.
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Figure 75: Evolution of the Z velocity for J = 1000A with Bapp = 30mT and vacuum

density 10−5 that of the plasma density. The upper left figure is at the initial time of

t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s, the upper right figure

is at a time of t = 1.8× 10−7s, the bottom left figure is at a time of t = 2.4× 10−7s,

the middle left figure is at a time of t = 3.0× 10−7s, and the bottom left figure is at

a time of t = 3.6× 10−7s.

By comparing Figures 74 and 75, the 4000A MPD achieves a higher velocity at

the end of the MPD thrust chamber when contrasted with the 1000A MPD. This

can be explained by the previously described effect of hydrodynamic expansion and

acceleration. Since the 4000A MPD applies a higher energy to the plasma particles,
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with no magnetic field, the plasma is accelerated out of the chamber before it could

experience the full hydrodynamic effects. Since the applied magnetic field transfers

energy from the axial motion to azimuthal motion, the plasma now has more time to

spend in the chamber. This results in the 4000A current applying a greater force to

the plasma over the chamber length, giving the plasma a greater final velocity. The

final velocity of the 1000A MPD is lower and therefore the plasma is closer to being

trapped inside the chamber. When a solenoidal magnetic field is applied to the MPD

thruster, it must be balanced with the current in order to prevent trapping. If the

applied magnetic field is too great, there will be too much axial energy transferred to

the swirling motion and the plasma column will begin to travel back into the MPD

chamber and become trapped inside the thruster.

A.2.4 Additional Number Density Studies

Let us examine the same MPD but with an applied magnetic field of 20mT .
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Figure 76: Evolution of the X velocity for J = 1000A with n = 2× 1021m−3, Bapp =

20mT , and vacuum density 10−5 that of the plasma density. The upper left figure is

at the initial time of t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s,

the upper right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a

time of t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the

bottom left figure is at a time of t = 3.6× 10−7s.
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Figure 77: Evolution of the Y velocity for J = 1000A with n = 2× 1021m−3, Bapp =

20mT , and vacuum density 10−5 that of the plasma density. The upper left figure is

at the initial time of t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s,

the upper right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a

time of t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the

bottom left figure is at a time of t = 3.6× 10−7s.
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Figure 78: Evolution of the Z velocity for J = 1000A with n = 2× 1021m−3, Bapp =

20mT , and vacuum density 10−5 that of the plasma density. The upper left figure is

at the initial time of t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s,

the upper right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a

time of t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the

bottom left figure is at a time of t = 3.6× 10−7s.

Figures 76 and 77 show the evolution of the X and Y velocities along the MPD

channel. The swirling effect is observed from the mirroring of the X and Y velocities,

but the velocities achieved are much smaller in comparison with the n = 2× 1020m−3

case. This is explained from examination of Figure 78 which demonstrates the evo-
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lution of the Z velocity along the MPD channel. Figure 78 shows that the Z velocity

achieves a much smaller initial acceleration along the channel giving the plasma more

time to spend in the chamber and therefore more energy is transferred to the swirling

motion. It also shows that the final velocity along the Z axis is much smaller than

when compared with the n = 2 × 1020m−3 case. With a higher number density the

plasma comes closer to becoming trapped in the chamber with a lower applied cur-

rent. Again this can be investigated from analyzing the MPD with an applied current

of 4000A and the same applied magnetic field.
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Figure 79: Evolution of the X velocity for J = 4000A with n = 2× 1021m−3, Bapp =

20mT , and vacuum density 10−5 that of the plasma density. The upper left figure is

at the initial time of t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s,

the upper right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a

time of t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the

bottom left figure is at a time of t = 3.6× 10−7s.
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Figure 80: Evolution of the Y velocity for J = 4000A with n = 2× 1021m−3, Bapp =

20mT , and vacuum density 10−5 that of the plasma density. The upper left figure is

at the initial time of t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s,

the upper right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a

time of t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the

bottom left figure is at a time of t = 3.6× 10−7s.
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Figure 81: Evolution of the Z Velocity for J = 4000A with n = 2× 1021m−3, Bapp =

20mT , and vacuum density 10−5 that of the plasma density. The upper left figure is

at the initial time of t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s,

the upper right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a

time of t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the

bottom left figure is at a time of t = 3.6× 10−7s.

Figures 79 and 80 again show the evolution of the X and Y velocities along the

MPD channel and exhibit the swirling motion. The final velocity achieved in these

directions is lower than in the case with n = 2 ∗ 1020m−3. Figure 81 shows that the

Z velocity along the MPD channel is larger than in the 1000A case. This is again
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due to the fact that the higher current imparts more energy into the plasma column,

giving it a higher final Z velocity. It is worth noting that the decrease in the X and Y

velocity can be explained by the fact that the more energy the plasma column obtains

from the applied current, the faster it is accelerated out of the MPD channel giving

it less time to impart energy to the swirling motion. These velocities are much lower

than the n = 2 × 1020m−3 case due to the increased self interaction and therefore

increased resistivity in the chamber.

Next let us examine what happens when the number density is increased to n =

2× 1022m−3 (n = 2× 1016cm−3).
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Figure 82: Evolution of the Z Velocity for J = 1000A with n = 2 ∗ 1022m−3 and

vacuum density 10−5 that of the plasma density. The upper left figure is at the initial

time of t = 0s, the upper middle figure is at a time of t = 1.2 × 10−7s, the upper

right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a time of

t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the bottom

left figure is at a time of t = 3.6× 10−7s.
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Figure 83: Evolution of the plasma resistivity for J = 1000A with n = 2 ∗ 1022m−3

and vacuum density 10−5 that of the plasma density. The upper left figure is at the

initial time of t = 0s, the upper middle figure is at a time of t = 1.2 × 10−7s, the

upper right figure is at a time of t = 1.8×10−7s, the bottom left figure is at a time of

t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the bottom

left figure is at a time of t = 3.6× 10−7s.

Figure 83 shows the evolution of the resistivity along the MPD channel. The

resistivity reaches another order of magnitude higher than in the previous case. The

effect of this is shown in Figure 82 where the higher resistivity causes the plasma

column to become trapped in the MPD chamber. This is seen in Figure 82 as the z
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velocity initially reaches a high value, but quickly accelerates backward in the channel;

thus, creating a trapping scenario and increasing the resistivity and self interactions

at the channel inlet, further increasing the trapping effect.

Next, let us examine the same MPD but with an applied magnetic field of 20mT .

Figure 84: Evolution of the X velocity for J = 1000A with n = 2× 1022m−3, Bapp =

20mT , and vacuum density 10−5 that of the plasma density. The upper left figure is

at the initial time of t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s,

the upper right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a

time of t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the

bottom left figure is at a time of t = 3.6× 10−7s.
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Figure 85: Evolution of the Y velocity for J = 1000A with n = 2× 1022m−3, Bapp =

20mT , and vacuum density 10−5 that of the plasma density. The upper left figure is

at the initial time of t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s,

the upper right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a

time of t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the

bottom left figure is at a time of t = 3.6× 10−7s.
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Figure 86: Evolution of the Z velocity for J = 1000A with n = 2× 1022m−3, Bapp =

20mT , and vacuum density 10−5 that of the plasma density. The upper left figure is

at the initial time of t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s,

the upper right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a

time of t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the

bottom left figure is at a time of t = 3.6× 10−7s.

Figures 84 and 85 show the evolution of X and Y velocities along the MPD channel.

Again the swirling motion is shown by the mirroring of the X and Y velocities, but it

is worth noting the formation of the double humped curve in the X and Y velocities.

This is caused by the trapping of the plasma in the chamber as shown in Figure
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86. The trapping causes the plasma to reverse back into the MPD chamber resulting

in more energy being transfered to the swirling motion forming the double humped

curve. This further increases the number of self interactions which traps the plasma.

This trapping is also observed in the 4000A case with no applied magnetic field and

the 20mT applied magnetic field.
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Figure 87: Evolution of the Z velocity for J = 4000A with n = 2 × 1022m−3 and

vacuum density 10−5 that of the plasma density. The upper left figure is at the initial

time of t = 0s, the upper middle figure is at a time of t = 1.2 × 10−7s, the upper

right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a time of

t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the bottom

left figure is at a time of t = 3.6× 10−7s.
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Figure 88: Evolution of the Z velocity for J = 4000A with n = 2× 1022m−3, Bapp =

20mT , and vacuum density 10−5 that of the plasma density. The upper left figure is

at the initial time of t = 0s, the upper middle figure is at a time of t = 1.2× 10−7s,

the upper right figure is at a time of t = 1.8 × 10−7s, the bottom left figure is at a

time of t = 2.4× 10−7s, the middle left figure is at a time of t = 3.0× 10−7s, and the

bottom left figure is at a time of t = 3.6× 10−7s.

Figures 87 and 88 demonstrate the evolution of the Z velocity along the MPD

channel for both cases. It is understood from these figures that the trapping of the

plasma column is still observed, but the plasma is able to retain a positive velocity for

a longer distance in the chamber due to the increased current. In order to accelerate
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a plasma of a high number density, a much higher current is required to accelerate

the plasma out of the chamber. The achieved velocities in the Z direction are much

smaller than in the previous cases due to the increased number of self interactions in

the plasma and, therefore, increased resistivity.
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